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S t a t i s t i c a l Q u a l i t y C o n t r o l 
T h e b e g i n n i n g o f s t a t i s t i c a l q u a l i t y c o n t r o l , a s r e ­
p o r t e d b y D u n c a n ( 3 ) i n h i s h i s t o r i c a l i n t r o d u c t i o n , c a m e 
w i t h t h e p u b l i c a t i o n o f W a l t e r A . S h e w h a r t ' s f i r s t w o r k o n 
c o n t r o l c h a r t s i n 1 9 2 4 . T h r o u g h o u t t h e 1 9 2 0 ' s a n d i n t o t h e 
1 9 3 0 ' s w o r k c o n t i n u e d a t t h e B e l l T e l e p h o n e L a b o r a t o r i e s o n 
s a m p l i n g i n s p e c t i o n , w i t h H . D o d g e a n d H. R o m i g , a s w e l l a s 
S h e w h a r t , m a k i n g i m p o r t a n t c o n t r i b u t i o n s . I t w a s d u r i n g 
t h i s p e r i o d t h a t H o t e l l i n g ( 8 ) d e v e l o p e d t h e t h e o r y o f t h e 
T 2 d i s t r i b u t i o n . 
A m e r i c a n i n d u s t r y a s a w h o l e d i d n o t a d o p t t h e n e w 
s t a t i s t i c a l t e c h n i q u e s a s r a p i d l y a s o n e m i g h t h a v e e x p e c t e d . 
I t t o o k t h e f e d e r a l g o v e r n m e n t , p r i n c i p a l l y t h e i n t e r e s t o f 
t h e a r m e d s e r v i c e s i n s t a t i s t i c a l q u a l i t y c o n t r o l g e n e r a t e d 
d u r i n g t h e s e c o n d w o r l d w a r , t o s p r e a d t h e k n o w l e d g e a n d 
p r a c t i c e a c r o s s t h e c o u n t r y . T h e g o v e r n m e n t n o t o n l y a d o p t ­
e d s t a t i s t i c a l t e c h n i q u e s i n i t s p r o c u r e m e n t o f w a r m a t e r i e l , 
b u t s p o n s o r e d t r a i n i n g p r o g r a m s f o r p e r s o n n e l i n v o l v e d i n 
p r o d u c t i o n . I n a d d i t i o n , f u r t h e r r e s e a r c h i n t o s a m p l i n g 
t e c h n i q u e s w a s c o n d u c t e d , t h e r e s u l t s o f w h i c h w e r e a t 
t i m e s c o n s i d e r e d s o i m p o r t a n t t h a t t h e y w e r e c l a s s i f i e d f o r 
t h e d u r a t i o n o f t h e w a r . 
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I t b e c a m e a p p a r e n t d u r i n g t h i s t i m e , w i t h b o t h g o v ­
e r n m e n t p r o c u r e m e n t a g e n c i e s a n d i n d u s t r i a l s u p p l i e r s i n ­
v o l v e d i n s t a t i s t i c a l q u a l i t y c o n t r o l , t h a t t w o s e p a r a t e 
a s p e c t s w e r e i n v o l v e d . O n e , w h i c h i n c l u d e d t h e c o n t r o l 
c h a r t t e c h n i q u e s , i n v o l v e d t h e p r o c e s s c o n t r o l f u n c t i o n o f 
i n d u s t r y . T h e s e c o n d i n c l u d e d t h e t o o l s o f t h e p u r c h a s e r , 
a c c e p t a n c e s a m p l i n g a n d c o n f o r m a n c e a n a l y s i s . T h e r e s e a r c h 
c o n d u c t e d f o r t h i s t h e s i s w a s p r i n c i p a l l y c o n c e r n e d w i t h t h e 
f i r s t a s p e c t , c o n t r o l c h a r t a n a l y s i s a n d p r o c e s s c o n t r o l . 
I n t h e l a s t t h i r t y y e a r s , t h e t o o l s a v a i l a b l e h a v e 
g r o w n f r o m t h e i n i t i a l S h e w h a r t c o n t r o l c h a r t s a n d w a r t i m e 
s a m p l i n g p l a n s t o e n c o m p a s s d e s i g n o f e x p e r i m e n t s , a n a l y s i s 
o f v a r i a n c e , a n d e v e n m o r e r e c e n t l y r e s p o n s e s u r f a c e a n a l y ­
s i s . 
I n t h e i r d i s c u s s i o n o f e c o n o m i c a s p e c t s o f q u a l i t y 
d e c i s i o n s . G r a n t a n d L e a v e n w o r t h ( 7 ) c i t e p a p e r s a s e a r l y 
a s 1 9 5 0 b y o n e o f t h e m , E . L . G r a n t ( 5 ) ( 6 ) , t y i n g e n g i n e e r ­
i n g e c o n o m y t o s t a t i s t i c a l q u a l i t y c o n t r o l . D u n c a n ( 2 ) a n d 
C o w d e n ( 1 ) i n t h e m i d - 1 9 5 0 ' s b e g a n t o d e a l w i t h e c o n o m i c 
m o d e l s t o m i n i m i z e t h e c o s t o f s a m p l i n g p l a n s , w h e r e a s t h e 
t r a d i t i o n a l a p p r o a c h t o d e s i g n i n g a c o n t r o l c h a r t i n v o l v e d 
u s i n g p u r e l y s t a t i s t i c a l c o n s i d e r a t i o n s w h e n c h o o s i n g t h e 
c o n t r o l c h a r t p a r a m e t e r s o f s a m p l e s i z e , c r i t i c a l r e g i o n , 
a n d i n t e r v a l b e t w e e n s a m p l e s . 
K n a p p e n b e r g e r a n d G r a n d a g e ( 1 0 ) i n 1 9 6 9 d e v e l o p e d a 
c o s t m o d e l s i m i l a r t o t h o s e o f D u n c a n ( 2 ) a n d C o w d e n ( 1 ) , 
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a n d u s e d i t i n d e v e l o p i n g a l e a s t c o s t s a m p l i n g s c h e m e f o r 
c o n t r o l l i n g t h e m e a n o f a n o r m a l p r o c e s s w i t h a n x c h a r t . 
T h e w o r k o f t h e s e e a r l i e r r e s e a r c h e r s p r o d u c e d g r e a t e r i n ­
t e r e s t i n t h e e c o n o m i c d e s i g n o f c o n t r o l c h a r t s . K l a t t ( 9 ) 
d e v e l o p e d a t e c h n i q u e , b a s e d o n t h e K n a p p e n b e r g e r a n d G r a n -
d a g e m o d e l ( 1 0 ) , f o r d e s i g n i n g m i n i m u m c o s t s a m p l i n g s c h e m e s 
f o r t w o n o r m a l v a r i a t e s c o n t r o l l e d b y a T 2 c h a r t . M o n t g o m ­
e r y , H e i k e s a n d M a n c e ( 1 4 ) u s e d t h i s m o d e l f o r t h e m u l t i -
s t a t e f r a c t i o n d e f e c t i v e c o n t r o l c h a r t . T h e c u r r e n t r e ­
s e a r c h w a s a d i r e c t o u t g r o w t h o f t h e s e l a t e r p a p e r s . 
P u r p o s e a n d S c o p e o f t h e T h e s i s 
T h e p u r p o s e o f t h i s r e s e a r c h w a s t o d e v e l o p a g e n e r a l 
c o s t m o d e l f o r t h e H o t e l l i n g T 2 c o n t r o l c h a r t , a n d a m e t h o d 
o f s o l v i n g t h i s m o d e l f o r a l e a s t c o s t s a m p l i n g p l a n g i v e n 
v a r i o u s i n p u t p a r a m e t e r s . F o r c o m p l e t e g e n e r a l i t y i t w a s 
a s s u m e d t h a t p >_ 2 q u a l i t y c h a r a c t e r i s t i c s w e r e n e c e s s a r y 
t o d e s c r i b e t h e p r o c e s s o u t p u t , a n d t h a t t h e r e c o u l d b e a n y 
n u m b e r s >_ 1 o u t - o f - c o n t r o l s t a t e s i n w h i c h t h e p r o c e s s 
c o u l d o p e r a t e . 
A c o m p u t e r p r o g r a m w a s d e v e l o p e d w h i c h a l l o w e d 
s t u d i e s o f t h e s e n s i t i v i t y o f t h e m o d e l t o c h a n g e s i n t h e 
p a r a m e t e r s a n d w h i c h w i l l i n a d d i t i o n b e u s e a b l e f o r d e t e r ­
m i n i n g l e a s t c o s t s a m p l i n g p l a n s f o r r e a l w o r l d p r o c e s s e s . 
We a s s u m e t h a t t h e r e a r e a s e t o f c o s t s w h i c h t e l l 
t h e d e c i s i o n m a k e r t h e r e l a t i v e c o s t s o f s a m p l i n g , o f 
4 
investigating and correcting the process, and of producing 
defective items. The program, using the model, will then 
design a control chart and sampling plan by choosing the 
sample size N, the interval between samples K, and the 
control limit parameter T2, which minimize the cost per 
unit of quality control (defined through the model as a 
function of these three costs). The control chart design 
is relative to a set of specifications imposed on the pro­
cess output which are expressed as a pair of limit vectors. 
Survey of the Literature 
The publication by "student" in 1908 of the "student's 
t" distribution, involving the ratio of a mean to a standard 
deviation where both are estimated from a sample taken from 
a population, was folowed over twenty years later by Hotel-
ling's (8) extension of t to the multivariate case. Hotel-
ling developed both T and T2 in his 1931 paper (8) , but the 
statistic T2, given by 
T2 = N(x - u0) "S"1 (x - u_0) 
is the statistic generaly used as the measure of simulta­
neous deviation of the several variates x̂  of a process. 
The use of the T2 statistic where several variables 
are to be considered requires considerable computation on 
the part of the personnel conducting the sampling, so it is 
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n o t s u r p r i s i n g t h a t t h e T 2 s t a t i s t i c w a s n o t i n w i d e s p r e a d 
u s e b e f o r e t h e g e n e r a l a v a i l a b i l i t y o f d i g i t a l c o m p u t e r s . 
C o s t i s n o t a l w a y s c o n s i d e r e d i n d e v e l o p i n g q u a l i t y 
c o n t r o l c h a r t s a n d a c c e p t a n c e s a m p l i n g p l a n s . T w o o f t h e 
e a r l i e s t m o d e l s w h i c h i n c o r p o r a t e d c o s t i n t o t h e d e s i g n o f 
a c o n t r o l c h a r t w e r e t h o s e o f C o w d e n ( 1 ) a n d D u n c a n ( 2 ) . 
C o w d e n 1 s m o d e l w a s v e r y s i m i l a r t o t h a t w h i c h w a s u s e d h e r e , 
i n v o l v i n g a s i t d o e s c o s t s o f s a m p l i n g , o f c o r r e c t i n g a n 
o u t - o f - c o n t r o l p r o c e s s , a n d o f p r o d u c i n g d e f e c t i v e s . C o w -
d e n ' s a s s u m p t i o n s a b o u t t h e p r o c e s s a r e r a t h e r d i f f e r e n t , 
h o w e v e r , p r i n c i p a l l y t h e a s s u m p t i o n t h a t o n c e c o r r e c t e d t h e 
p r o c e s s r e m a i n s i n c o n t r o l u n t i l t h e e n d o f t h e d a y . 
D u n c a n ( 2 ) e m p l o y e d a d i f f e r e n t c o s t m o d e l , a l t h o u g h 
s t i l l v e r y s i m i l a r t o C o w d e n ' s a n d t o t h a t u s e d i n t h i s r e ­
s e a r c h . T h e p r i n c i p a l c o n t r i b u t i o n s o f D u n c a n t o t h i s r e ­
s e a r c h w e r e t h e i m p l i c a t i o n s o f t h e a s s u m p t i o n t h a t s h i f t s 
o u t o f c o n t r o l o c c u r r a n d o m l y a n d t h a t t h e m e a n t i m e t o 
s h i f t i s e x p o n e n t i a l l y d i s t r i b u t e d . 
T h e c o s t m o d e l i n t r o d u c e d b y K n a p p e n b e r g e r a n d G r a n -
d a g e ( 1 0 ) , w h i c h w a s b a s e d o n t h e m o d e l s b o t h o f C o w d e n a n d 
D u n c a n , w a s u s e d h e r e , a s i t w a s i n K l a t t ( 9 ) a n d i n M o n t ­
g o m e r y a n d K l a t t ( 1 5 ) , w i t h o u t m o d i f i c a t i o n . T h i s m o d e l 
b r e a k s t h e c o s t o f s a m p l i n g i n t o a f i x e d c o s t p e r s a m p l e 
p l u s a n i n c r e m e n t a l c o s t p e r u n i t o f s a m p l e s i z e . 
K l a t t ( 9 ) u s e d t h e c o s t m o d e l o f K n a p p e n b e r g e r a n d 
G r a n d a g e ( 1 0 ) i n d e v e l o p i n g a n a n a l y s i s o f t h e t w o - v a r i a b l e 
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t w o - s t a t e m o d e l f o r c o n t r o l o f a m e a n v e c t o r . I n h i s w o r k 
h e i n d e p e n d e n t l y d e v e l o p e d t h e n o n - c e n t r a l a n a l o g u e t o 
P a u l s o n ' s ( 1 9 ) a p p r o x i m a t i o n t o t h e c e n t r a l F d i s t r i b u t i o n . 
T h i s n o n - c e n t r a l a p p r o x i m a t i o n w a s e a r l i e r d e v e l o p e d b y 
S e v e r o a n d Z e l e n ( 2 1 ) a n d b y L a u b s c h e r ( 1 1 ) a s m e n t i o n e d 
i n M u d h o l k a r e t a l . ( 1 7 ) . T h e r e s u l t s o f K l a t t ' s w o r k w e r e 
p u b l i s h e d i n a p a p e r b y M o n t g o m e r y a n d K l a t t ( 1 5 ) . 
K n a p p e n b e r g e r a n d G r a n d a g e ( 1 0 ) d e a l t w i t h a o n e -
v a r i a b l e m u l t i - s t a t e c a s e f o r c o n t r o l o f a m e a n b y a n x 
c h a r t . I n a d d i t i o n t o c o n t r i b u t i n g t o t h e c o s t m o d e l , 
t h e i r p a p e r d e v e l o p e d a m e t h o d f o r a s s i g n i n g p r o b a b i l i t i e s 
t o t h e t r a n s i t i o n s i n t o a n d a m o n g t h e h i g h e r s t a t e s w h i c h 
h a s b e e n u s e d i n t h i s t h e s i s . 
M o n t g o m e r y , H e i k e s a n d M a n c e ( 1 4 ) p r o p o s e d a m e t h o d 
o f c o n d e n s i n g s e v e r a l o u t - o f - c o n t r o l s t a t e s i n t o o n e i n 
t h e i r a n a l y s i s o f t h e m u l t i s t a t e f r a c t i o n d e f e c t i v e c o n ­
t r o l c h a r t . T h i s t e c h n i q u e w a s a n a l y z e d h e r e i n , a s c e r t a i n 
o f t h e r e s u l t s a p p l y t o t h e c o n t r o l o f a m u l t i v a r i a t e n o r m a l 
p r o c e s s . 
A n i m p o r t a n t a s p e c t o f t h e m o d e l d e v e l o p e d i n t h i s 
r e s e a r c h w a s t h e u s e o f a s u b r o u t i n e t o e v a l u a t e c e r t a i n 
p r o b a b i l i t i e s a s s o c i a t e d w i t h t h e m u l t i v a r i a t e n o r m a l i n ­
t e g r a l . M u c h o f t h i s w o r k w a s b a s e d o n a p u b l i c a t i o n b y 
M i l t o n ( 1 2 ) . M i l t o n b a s e d h i s w o r k o n t h e e x i s t e n c e o f a 
g e n e r a l FORTRAN s u b r o u t i n e f o r e r r o r - c o n t r o l l e d m u l t i ­
d i m e n s i o n a l q u a d r a t u r e . He d e v e l o p e d s o m e s i m p l i f i c a t i o n s 
o f t h e e x p r e s s i o n f o r t h e i t e r a t e d m u l t i d i m e n s i o n a l n o r m a l 
i n t e g r a l , w h i c h s p e e d s o l u t i o n i n t h i s s p e c i a l c a s e . T h e 
i n t e r n a l i n t e g r a l i s e v a l u a t e d u s i n g a f a s t FORTRAN n o r m a l 
a p p r o x i m a t i o n d e v e l o p e d b y M i l t o n a n d H o t c h k i s s ( 1 3 ) . 
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1 1 U 1 
F i g u r e 1: A R e c t a n g u l a r C o n t r o l R e g i o n F o r Two 
I n d e p e n d e n t l y D i s t r i b u t e d V a r i a b l e s 
MULTIVARIATE QUALITY CONTROL 
A l t h o u g h s t a t i s t i c a l q u a l i t y c o n t r o l h a s b e e n a c ­
c e p t e d b y mode rn i n d u s t r y , t o o l s f o r i m p l e m e n t i n g q u a l i t y 
c o n t r o l i n a m u l t i v a r i a t e s i t u a t i o n a r e n o t y e t a s a d v a n c e d 
a s t h o s e f o r t h e u n i v a r i a t e s i t u a t i o n . I t i s n o t g e n e r a l l y 
v a l i d t o a p p l y u n i v a r i a t e t e c h n i q u e s t o s e v e r a l v a r i a b l e s 
s i m u l t a n e o u s l y s i n c e i n many c a s e s t h e v a r i a b l e s b e i n g 
m e a s u r e d a r e n o t i n d e p e n d e n t . I f we c o n s i d e r two i n d e p e n ­
d e n t n o r m a l l y d i s t r i b u t e d v a r i a b l e s , t h e c r i t e r i a o f 
1 < x < u 
l — i — i 
1 < x < u 
2 — 2 — 2 
w h e r e 1 = l o w e r c o n t r o l l i m i t 
u =• u p p e r c o n t r o l l i m i t 
y i e l d s a r e c t a n g u l a r c o n t r o l r e g i o n a s d e p i c t e d i n F i g u r e 1 . 
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F o r t w o o r m o r e j o i n t l y d i s t r i b u t e d v a r i a b l e s , t h e 
c o r r e c t c o n t r o l t e c h n i q u e a s g i v e n b y H o t e l l i n g ( 8 ) i s t h e 
T 2 s t a t i s t i c , w h i c h d e f i n e s a m u l t i d i m e n s i o n a l e l l i p s o i d a l 
c o n t r o l r e g i o n . I n t h e b i v a r i a t e c a s e t h i s m i g h t a p p e a r 
s u p e r i m p o s e d o n t h e u p p e r a n d l o w e r i n d e p e n d e n t l i m i t s a s 
s h o w n i n F i g u r e 2 . 
F i g u r e 2 . An E l l i p t i c a l C o n t r o l R e g i o n F o r T w o 
J o i n t l y D i s t r i b u t e d V a r i a b l e s . 
W h e n u s i n g t h e i n d e p e n d e n t l i m i t s a s o p p o s e d t o t h e 
c o r r e c t e l l i p t i c a l r e g i o n , t h e r e c a n o b v i o u s l y b e a r e a s o f 
u n d e r - c o n t r o l . 
I f b o t h v a r i a b l e s a r e i n d e p e n d e n t l y m o n i t o r e d b y x 
c h a r t s b a s e d u p o n 3cr c o n t r o l l i m i t s , t h e t r u e p r o b a b i l i t y 
o f r e j e c t i n g t h e n u l l h y p o t h e s i s i f v s p i s 
1 - ( 1 - a ) 2 = 1 - . 9 9 7 3 2 = . 0 0 5 4 
a n d n o t t h e d e s i r e d . 0 0 2 7 r e s u l t i n g f r o m a u n i v a r i a t e t e s t 
u s i n g a n x c h a r t w i t h t h e s a m e 3 a c o n t r o l l i m i t s . 
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C o s t s a s s o c i a t e d w i t h q u a l i t y c o n t r o l i n c l u d e b o t h 
t h o s e w h i c h p e n a l i z e u n d e r - c o n t r o l , s u c h a s a c u s t o m e r ' s 
r e j e c t i o n o f a s h i p m e n t , a n d t h o s e c o s t s w h i c h p e n a l i z e 
o v e r - c o n t r o l . E x a m p l e s o f t h e s e a r e t h e c o s t o f i t e m s 
t e s t e d t o d e s t r u c t i o n a n d o t h e r t y p e s o f e x c e s s i v e s a m p l i n g 
c o s t s . I n o r d e r t o m i n i m i z e t h e sum o f t h e s e c o s t s v a l i d 
m u l t i v a r i a t e t e c h n i q u e s m u s t b e e m p l o y e d . 
T h e T 2 C o n t r o l C h a r t 
I f w e a s s u m e t h a t t h e o u t p u t o f a p r o c e s s i s d e s c r i b e d 
b y a v e c t o r x o f p v a r i a b l e s , e a c h r e p r e s e n t i n g a p a r t i c u l a r 
q u a l i t y c h a r a c t e r i s t i c , a n d w e a s s u m e t h a t t h e d i s t r i b u t i o n 
o f x i s g i v e n b y t h e p - v a r i a t e n o r m a l d i s t r i b u t i o n , s a y 
Izl-1/2 
f ( X ) = e - i / 2 ( x - u ) 'jr1 (X-U) 
(2TT)P/ 2 
w h e r e y_ i s t h e m e a n v e c t o r o f t h e p c h a r a c t e r i s t i c s a n d £ 
i s t h e i r v a r i a n c e - c o v a r i a n c e m a t r i x , t h e n t h e c o r r e c t c o n ­
t r o l p r o c e d u r e i s d u e t o H o t e l l i n g ( 8 ) . T h i s s t a t e s t h a t 
t h e s t a t i s t i c 
T 2 = n ( x - y Q ) ( x - y f l ) 
i s d i s t r i b u t e d a s H o t e l l i n g ' s T 2 w i t h p a n d N - p d e g r e e s o f 
f r e e d o m , x b e i n g t h e s a m p l e m e a n , y_0 t h e v e c t o r o f i n d i v i d u a l 
q u a l i t y c h a r a c t e r i s t i c m e a n s c o r r e s p o n d i n g t o t h e i n - c o n t r o l 
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state, S the estimate of Na the sample size used in com­
puting S, and n the sample size associated with x. The T2 
variate with p and Na-p degrees of freedom is denoted by 
T2 
P.Na-p-
It is obvious in the bivariate case that the quadratic 
form 
(x - y ) ' S"1 (x - y ) 
can be arranged into the conic equation of an ellipse, and, 
in fact, the T2 statistic describes ellipsoidal control 
regions in any p-space. Thus a p-dimensional ellipsoid is 
the correct general shape of the control region. 
If we now define a number Ta;p,Na-p a s ^he upper 
tail a percentage point of the T2 distribution, where 
P {T2 > T2 „ A = a 
then if T2 > T2 „ we conclude that the process mean ot;p,Na-p 
has shifted. Implementation of this control procedure is 
fairly simple once the percentage point T2;p/N̂ _p has been 
determined. A T2 chart similar in appearance to an x 
chart for controlling only an increase in u_ is shown in 
Figure 3 . Note that the chart has only an upper control 
limit. Furthermore, for p > 2, this form of the chart is 




T 2 ' 
a ; p , N a - p 
2 0 
1 0 
1 2 3 4 5 6 7 
F i g u r e 3 . An E x a m p l e T 2 C h a r t 
T h e m e a n d i f f e r e n c e v e c t o r ( x - u _ 0 ) i s c o m p u t e d f r o m c u r r e n t 
s a m p l e d a t a , ( T y p i c a l l y , t h e m e a n v e c t o r y_o a n d c o v a r i a n c e 
e s t i m a t e S a r e k n o w n f r o m h i s t o r i c a l d a t a . ) T h e T 2 s t a t i s -
t i c i s c o m p u t e d , w h i c h f o r p a b o v e 2 o r 3 i s b e s t d o n e 
m e c h a n i c a l l y t a n d t h e s t a t i s t i c i s p l o t t e d o n t h e T 2 c h a r t . 
I f t 2 > T 2 t h e p r o c e s s i s a s s u m e d t o b e o u t o f c o n -
a ; P , N a - p 
t r o l . I t i s n o t p o s s i b l e t o t e l l w h i c h i n d i v i d u a l q u a l i t y 
c h a r a c t e r i s t i c s a r e o u t o f c o n t r o l f r o m t h i s c h a r t , a n d t h i s 
may n o t e v e n b e i m m e d i a t e l y a p p a r e n t f r o m a n a l y s i s o f t h e 
i n d i v i d u a l d a t a p o i n t s . T h e T 2 c h a r t m e r e l y p r o v i d e s a n i n ­
d i c a t i o n a s t o w h e t h e r o r n o t t o i n t e r r u p t t h e p r o c e s s . I n 
F i g u r e 3 a b o v e , t h e p r o c e s s w o u l d b e h a l t e d a f t e r t h e f i f t h 
s a m p l e f o r i n v e s t i g a t i o n a n d p o s s i b l e c o r r e c t i o n . 
I t i s p o s s i b l e t o o b t a i n t h e p e r c e n t a g e p o i n t s o f 
T 2 f r o m t h e t a b l e s o f t h e F d i s t r i b u t i o n , s i n c e 
a ; p , N Q - p 
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p < N a - i : 
a ; p , N a - p N a - p a ; P / N a - p 
T h e r e f o r e , i t i s n o t n e c e s s a r y t o p r o v i d e s p e c i a l t a b l e s o f 
t h e c u m u l a t i v e d i s t r i b u t i o n o f T 2 „ 
P , N a - p 
The C o s t M o d e l 
The g e n e r a l f o r m o f t h e e c o n o m i c m o d e l was d e v e l o p e d 
b y K n a p p e n b e r g e r and G r a n d a g e ( 1 0 ) . I t ha s b e e n u s e d b y 
s e v e r a l a u t h o r s , i n c l u d i n g M o n t g o m e r y and K l a t t ( 1 5 ) i n 
t h e i r p r e v i o u s s t u d y o f t h e T 2 c h a r t , and M o n t g o m e r y , 
H e i k e s and Mance ( 1 4 ) i n an a n a l y s i s o f t h e f r a c t i o n d e f e c ­
t i v e o r p c h a r t . T h i s m o d e l h a s t h e d u a l a d v a n t a g e s o f 
s i m p l i c i t y and i n t u i t i v e a p p e a l . I t i s a g e n e r a l m u l t i -
s t a t e f o r m u l a t i o n and t o t a l l y i n d e p e n d e n t o f t h e number o f 
q u a l i t y c h a r a c t e r i s t i c s c o n s i d e r e d . F o r t h i s r e a s o n , a l ­
t h o u g h K n a p p e n b e r g e r and G r a n d a g e ( 1 0 ) c o n s i d e r e d a m u l t i -
s t a t e u n i v a r i a t e c a s e , and M o n t g o m e r y and K l a t t ( 1 5 ) 
c o n s i d e r e d a t w o - v a r i a b l e t w o - s t a t e c a s e , t h e m o d e l s u s e d 
i n t h o s e two p a p e r s and i n t h i s r e s e a r c h a r e i d e n t i c a l . 
The e x p e c t e d v a l u e o f t h e t o t a l c o s t o f t h e q u a l i t y 
c o n t r o l p r o g r a m p e r u n i t o f p r o d u c t i s r e p r e s e n t e d a s t h e 
sum o f t h r e e t e r m s : 
E ( C ) = E(C ) + E(C ) + E(C ) 
1 2 3 
H e r e , C1 i s t h e c o s t p e r u n i t o f t e s t i n g , C 2 t h e c o s t p e r 
1 4 
u n i t o f i n v e s t i g a t i o n a n d p o s s i b l y c o r r e c t i n g t h e p r o c e s s 
w h e n a n o u t - o f - c o n t r o l s i t u a t i o n i s d e t e c t e d , a n d C 3 i s 
t h e c o s t p e r u n i t o f p r o d u c i n g d e f e c t i v e p r o d u c t . 
T h e c o s t C1 w a s f i r s t r e p r e s e n t e d b y C o w d e n ( 1 ) a n d 
D u n c a n ( 2 ) a s c o n s i s t i n g o f t w o t e r m s , o n e r e p r e s e n t i n g t h e 
c o s t o f t a k i n g a s a m p l e r e g a r d l e s s o f t h e s a m p l e s i z e , a n d 
t h e s e c o n d r e p r e s e n t i n g t h e i n c r e m e n t a l c o s t p e r u n i t t i m e s 
t h e s a m p l e s i z e . T h u s , 
A 2 A N 
E ( C i ) = + ( 2 . 1 ) . 
K K. 
w h e r e A x i s t h e f i x e d c o s t p e r s a m p l e 
A 2 i s t h e c o s t p e r u n i t s a m p l e d 
N i s t h e s a m p l e s i z e 
K i s t h e n u m b e r o f u n i t s p r o d u c e d b e t w e e n s a m p l e s , 
i n c l u d i n g t h e s a m p l e i t s e l f . 
K n a p p e n b e r g e r a n d G r a n d a g e ( 1 0 ) , i n a n a l y z i n g t h e c o s t 
C 2 o f i n v e s t i g a t i n g a n d c o r r e c t i n g t h e p r o c e s s w h e n i t a p p e a r s 
o u t o f c o n t r o l , c o n c l u d e d t h a t b e c a u s e o f i n a c c u r a t e i n f o r m a ­
t i o n a n d o f f s e t t i n g e f f e c t s i t w a s o f t e n u n f e a s i b l e t o c o n ­
s i d e r i n f o r m a t i o n m o r e d e t a i l e d t h a n t h e l o n g t e r m v a l u e s f o r 
t h e f r e q u e n c y w i t h w h i c h t h e p r o c e s s g o e s o u t o f c o n t r o l , h o w 
l o n g t h e p r o c e s s r e m a i n s i n o p e r a t i v e w h i l e b e i n g c o r r e c t e d , 
a n d t h e h o u r l y c o s t o f h a v i n g t h e p r o c e s s i n o p e r a t i v e . T h e n 
i f w e d e f i n e t h e c o s t A 3 a s t h e e x p e c t e d v a l u e o f t h e t o t a l 
c o s t o f i n v e s t i g a t i n g a n d c o r r e c t i n g a n o u t o f c o n t r o l p r o -
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CESS, AND CONSIDER THE PROBABILITY OF FAILURE TO ACCEPT THE 
NULL HYPOTHESIS (WHERE THE COST OF CORRECTION IS ZERO WHEN 
H0 IS ACCEPTED) THE EXPECTED COST PER UNIT OF INVESTIGATION 
AND CORRECTION CAN BE WRITTEN 
E(C2) = A3P{FAIL TO ACCEPT HQ|SAMPLE} K 
IF WE LET S BE THE NUMBER OF POSSIBLE OUT-OF-CONTROL STATES, p ̂ BE THE ROW VECTOR OF PROBABILITIES p. . SUCH THAT — 1,I=0,..., S 
= P{FAIL TO ACCEPT H0|Y_ = Y_̂} 
AND WE LET BE THE COLUMN VECTOR OF STEADY-STATE PROBABILI­
TIES 3^ THAT THE PROCESS IS IN STATE "I", I.E.. 
;± = P{u_ = u_±} 
THEN 
A3 S E(C2) = — I P{FAIL TO ACCEPT H |P = Y_. }P{Y_ = u.} K I=0 I I 
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Now consider the cost Â  of producing a defective 
item. Let be the row vector of probabilities <J> , where 
is the conditional probability of producing a defective 
item given that the process is in state "i", and let ̂  be 
the vector of probabilities that the process is in state 
"i" when a sample is taken. Then the expected cost per unit 
of erroneously accepting the null hypothesis becomes 
E(C3) =• A4P{produce a def ective| u_s=u_}P{u_=ji>̂  | sample} 
s 
i=0 
= A„£'x (2.3) 
Thus the total expected cost is represented as the sum of 
the components in (2.1), (2.2), and (2.3) or 
AX+A2N A3 
E(C) = + p / 3 + Afx 
K K 
Note that Â  is really an expected cost, weighted over all 
possible types of defective units. In general, some types 
of defective units could produce costs much greater than 
others, with costs of product recall and of suits for 
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damages among the highest. 
Mathematical Development 
The four vectors of the cost model, p_, <£, and y 
are all dependent on the three control chart parameters, 
that is the sample size N, the sampling interval K, and 
the critical region for the chart a. The vectors p_, 
and y depend on the interval between samples K, the sample 
size N, and the critical region of the test. The vector 
depends upon the upper and lower specification limits im­
posed on product quality characteristics. 
The assumption is made that the quality characteris­
tics x̂  which form the vector x are jointly distributed as 
the p-variate normal. This assumption of normality is in­
tuitively appealing, and leads to the T2 distribution with 
p and N -p degrees of freedom as the basis of the control 
o* 
procedure. In computing the values of the integral of 
Tp N _p an approximation due to Paulson (19) involving 
F1//s is used. As Paulson notes, we must have N -p>3 to in­
sure that P{F<0}̂ 0. In the current research, N was always 
= a 
asumed sufficiently large so that this was not a problem. 
The importance of this restriction was brought home 
clearly in re-running the four examples from Klatt (9) 
using his program where the sample size N and are always 
equal. There is a trap in his program to detect non-conver­
gent cases which, if invoked, still prints the results of 
1 8 
t h e c o m p u t a t i o n s . T h i s t r a p s h o w e d n o n - c o n v e r g e n c e i n t h e 
o p t i m i z a t i o n r o u t i n e o n l y i n t h o s e i n s t a n c e s w h e r e N - p w a s 
e q u a l t o 1 o r 2 . A s i m i l a r t r a p h a s b e e n i n c o r p o r a t e d i n t o 
t h e n e w p r o g r a m a s s i t u a t i o n s c a u s i n g m o d e l n o n - c o n v e r g e n c e 
d u e t o a n a t t e m p t t o d e t e c t t o o s m a l l a s h i f t i n t h e m e a n 
h a v e a l s o b e e n f o u n d . 
T h e r e g i o n o f a c c e p t a b l e p r o c e s s o u t p u t i s d e f i n e d 
b y t w o s p e c i f i c a t i o n v e c t o r s 1_ a n d u , s u c h t h a t e a c h q u a l i t y 
c h a r a c t e r i s t i c x . . , _ o b e y s t h e r u l e 1 . < x . < u . 
3 , 3 = 1 , 2 , . . . , p J 3 - 3 - 3 
T r i a l v a l u e s o f t h e t y p e I e r r o r a a r e i n p u t t o t h e e c o n o m ­
i c m o d e l . T h e s e a r e m a p p e d i n t o a p p r o p r i a t e v a l u e s o f 
T a # p N - p a n c ^ ^ e ° P t : i - m a l v a l u e o f a i s p r i n t e d a l o n g w i t h 
t h e o p t i m a l v a l u e o f T _._ f o r t h e c o n t r o l c h a r t , t o g i v e 
a ; p , N Q - p 
t h e p r o s p e c t i v e u s e r o f t h e p r o g r a m a f u l l e r u n d e r s t a n d i n g o f 
t h e t e s t c r i t e r i a . 
T h e e l e m e n t s < ( > . . , o f t h e p r o b a b i l i t y v e c t o r A 
I , I = 0 , 1 , . . . , s r 
a r e p r o p e r l y 
u 
' v - 1 
•1 . = 1 - 1 1 (2TT) S e
 1 1 dx.dx,...dx 
1 1= 1 1 2 p 
1 
S i n c e t h e v a l u e s o f t h e e l e m e n t s o f £ a r e n o t k n o w n , 
£ i s a p p r o x i m a t e d b y i t s u n b i a s e d e s t i m a t o r S , w h i c h i s a s ­
s u m e d b a s e d o n a p r e v i o u s s a m p l e o f s i z e N . T h e n t h e 
a 
• n •. _ a r e a p p r o x i m a t e d b y 
X,1~*U,1, • . . f B 
1 9 
u 
-1 -1 /2 (x -U ± ) 'S 1 ( x - U ± ) 
(2TT) " P / 2 I S " 1 I e d x , d x , . . . d x 
1=1 1 2 p 
T h e v a l u e o f t h e m u l t i v a r i a t e n o r m a l i n t e g r a l i s d e ­
t e r m i n e d b y u s e o f a p r o g r a m d e v e l o p e d b y M i l t o n ( 1 2 ) a n d 
i n c o r p o r a t e d i n t o t h e p r o g r a m u t i l i z e d i n t h i s s t u d y w i t h 
m i n o r m o d i f i c a t i o n s . T h i s i s d i s c u s s e d m o r e f u l l y i n t h e 
s e c t i o n o n M i l t o n ' s N o r m a l I n t e g r a l E v a l u a t i o n i n C h a p t e r 
I I I . 
T h e v e c t o r p i s d e f i n e d s u c h t h a t 
= P { T 2 > T 2 X T } = / f ( T 2 ) d T : a ; p , N Q - p J T 2 
a ; P , N g - p 
a n d t h e p . 
X , 1~-L ,^,«««,S 
p, = P { T 2 ' > T 2 } = / f ( T 2 > ) d T 2 
1 a ; p , N a - p J T 2 1 1 
a ; p , N a - p 
w h e r e f ( T 2 ) i s t h e d i s t r i b u t i o n f u n c t i o n o f T 2 w i t h p a n d 
N Q - p d e g r e e s o f f r e e d o m g i v e n i n H o t e l l i n g , a n d f ( T 2 ' ) i s 
t h e d i s t r i b u t i o n f u n c t i o n o f t h e n o n - c e n t r a l T 2 w i t h p a n d 
N Q - p d e g r e e s o f f r e e d o m a n d n o n - c e n t r a l i t y p a r a m e t e r 
T i =N (U^-Uo) (V^-UQ ) , i = 0 , l , 2 , . . . , s 
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WHERE N IS THE SAMPLE SIZE ASSOCIATED WITH X. THE MATRIX 
£ IS NOT KNOWN. CONSEQUENTLY, IT MUST BE APPROXIMATED BY 
ITS UNBIASED ESTIMATOR S, AND THE x. ' S WE MUST WORK WITH 
— 1 
ARE ESTIMATES OF THE TRUE PROCESS x̂ 'S. THE x^ FORM A 
VECTOR J_ OF DIMENSION S+1, WHERE x 0 IS OBVIOUSLY ZERO, 
ALLOWING THE NON-CENTRAL T2 DISTRIBUTION TO DEGENERATE TO 
THE CENTRAL T2 WHEN u_ = y_0. THE INTEGRAL /F (T2)DT2 IS ES­
TIMATED AS MENTIONED ABOVE, THE MANNER OF ESTIMATION BEING 
EXPLAINED IN THE SECTION ON CONDUCT OF THE VALIDATION STEPS 
IN CHAPTER III. NOTE THAT P0 IS a, THE PROBABILITY OF TYPE 
I ERROR FOR THE CONTROL CHART WHILE p^, FOR I>L IS THE 
POWER OF THE TEST, SINCE p^ IS THE PROBABILITY OF REJECTING 
THE HYPOTHESIS OF STATISTICAL CONTROL WHEN THE PROCESS IS 
IN STATE "I". 
IN ORDER TO COMPUTE THE VECTOR B_ OF PROBABILITIES 
3 j THAT THE PROCESS IS IN STATE "J" WHEN A SAMPLE IS TAKEN, 
THE TRANSITION PROBABILITY MATRIX B IS REQUIRED. ITS ELE­
MENTS REPRESENT THE PROBABILITIES B_. ̂  OF THE PROCESS 
SHIFTING FROM STATE "J" TO STATE "K" DURING THE INTERVAL 
BETWEEN SAMPLES. THE MATHEMATICAL DEVELOPMENT OF EQUATIONS 
FOR COMPUTING THE ELEMENTS OF THE B MATRIX REQUIRES SEVERAL 
ADDITIONAL ASSUMPTIONS ABOUT THE BEHAVIOR OF THE PRO­
CESS . 
IT MUST FIRST BE ASSUMED THAT THE PROCESS IS NEITHER 
SELF-CORRECTING NOR SELF-IMPROVING. THIS IMPLIES THAT ALL 
TRANSITIONS FROM A HIGHER STATE TO A LOWER STATE ARE FOR-
2 1 
b i d d e n . T h e p r o c e s s n e v e r g e t s b e t t e r , b u t i t may g e t w o r s e 
I t i s a l s o a s s u m e d t h a t t h e a v e r a g e i n t e r v a l b e t w e e n s h i f t s 
i s t h e s a m e f o r t r a n s i t i o n s b e t w e e n h i g h e r , s t a t e s a s i t i s 
f o r t r a n s i t i o n s o u t o f s t a t e 0 . 
T h e r e a r e c o n s i d e r a t i o n s i n v o l v i n g d e f i n i t i o n s o f 
s t a t e s w h i c h w e r e n o t i n t r o d u c e d i n t o t h e c u r r e n t m o d e l . 
I n p a r t i c u l a r , w h e n o n e c h a r a c t e r i s t i c c a n g o o u t o f c o n ­
t r o l e i t h e r a b o v e o r b e l o w t h e m e a n , i t i s u n r e a l i s t i c t o 
p e r m i t t r a n s i t i o n s f r o m a s t a t e w h e r e x ^ < t o o n e w h e r e 
x i > ^ i " A l s o ' s i n c e a v e c t o r f i e l d i s n o t w e l l - o r d e r e d , 
t h e r e i s n o n a t u r a l h i e r a r c h y o f s t a t e s . F o r i n s t a n c e , o f 
t h e f o u r s t a t e s 
0 
1 . 3 
1 . 6 
0 
1 . 6 
1 . 3 
w h i c h s t a t e i s s t a t e 2 ? F o r t h e c u r r e n t d e v e l o p m e n t , t h i s 
p r o b l e m i s p a s s e d o v e r , b u t i t i s d i s c u s s e d a g a i n u n d e r " R e c -
c o m m e n d a t i o n s . " 
A s a f i r s t s t e p i n d e v e l o p i n g 6_, w e d e f i n e t h e v e c t o r 
c[ a s t h e a p r i o r i v e c t o r o f p r o b a b i l i t i e s °ij , j = i , 2 , . . . , s 
t h a t t h e p r o c e s s w i l l s h i f t f r o m t h e i n - c o n t r o l s t a t e 0 w i t h 
m e a n v e c t o r y_0 , t o a n o u t - o f - c o n t r o l s t a t e " j " w i t h m e a n 
v e c t o r u . . I f w e a s s u m e t h a t t h e t i m e t h e p r o c e s s r e m a i n s 
i n c o n t r o l , g i v e n t h a t i t i s n o w i n c o n t r o l , i s e x p o n e n t i a l ­
l y d i s t r i b u t e d , t h e n a k n o w n m e a n - t i m e - t o - s h i f t A " 1 g i v e s a 
2 2 
p r o b a b i l i t y o f r e m a i n i n g i n s t a t e 0 f o r a t i m e o f h h o u r s o f 
1 - / Ae d t = e 
0 
I f w e a l s o a s s u m e a k n o w n p r o d u c t i o n r a t e o f R u n i t s p e r 
h o u r , t h e n t h e p r o b a b i l i t y o f r e m a i n i n g i n c o n t r o l w h i l e p r o ' 
d u c i n g K u n i t s o f p r o d u c t i s 
_ - A K / R 
q 0 = e 
T h e r e m a i n i n g p r o b a b i l i t i e s m u s t b e a s s i g n e d s u c h t h a t 
f q . = 1 - e ~ X K / R ( 2 . 4 ) 
j - l 3 
K n a p p e n b e r g e r a n d G r a n d a g e ( 1 0 ) h a v e p r o p o s e d a b i ­
n o m i a l w e i g h t i n g s c h e m e f o r a s s i g n i n g t h e s e p r o b a b i l i t i e s . 
I f w e a s s u m e a b i n o m i a l d i s t r i b u t i o n a m o n g t h e s t a t e s , t h e n 
t h e w e i g h t s w . a r e 
s i 
w -
3 j ! ( s - j ) i 
TT̂  ( 1 - TT) S ~ J , 0 < TT < 1 
It W n IS k n o w n then 
f w , = 1 - w 0 « 1 - ( 1 - TT) S. ( 2 . 5 ) 
j = l J 
23 
Combining (2.4) and (2.5) so that 
(1 - e~AK/R) 
qi = s 
J 1 - (1 - TT)S 
Si 
j! (s-j) 1 tJ (1 - tt) s ~ i 
There is no real-world justification for this assign­
ment, but it is a reasonably simple solution, and choice of 
t  = j/s can give a distribution favoring a known most likely 
out of control state "j". (For a most probable state "s", 
t  must equal some number close to but less than 1, e.g., 
t  — 1 — 1/s2.) This technique in fact gives an entire fam­
ily of distributions indexed by the parameter t  . 
Having defined the q̂  , we proceed to develop the 
matrix B. The elements t of B are composed, in general, 
— J r 1- — 
of terms representing transfers into and out of state 0, 
transfers from lower to higher states, and non-transfers 
when the process remains in the same state. The matrix P 
of probabilities P., ^ of transfers among states above state 
0 must be defined. Knappenberger and Grandage (10) make 
these probabilities P. . proportional to the binomialy 
weighted probabilities q of transfer into state "k" from 
24 
state 0. Again, there is no real-world justification for 
this, but it seems a reasonable assignment in the absence 
of knowledge to the contrary. According to this technique, the P. . are 
3 ,k 
Pj,k = 0 ' ^ > k 
k q 
3 f K m=l l-q0 
qk Pj,k = 7^ ' 3<k J l-qo 
The elements b. . of B can now be written as follows: 
(1) For j = o, b̂ k = q k 
(2) For j 7* 0, each element contains a term P{Reject H0 at time t}*P{Shift u_0 + uk during production of K units} 
" pjqk 
This term represents the probabilities of a shift out of 
state 0 in the time between two successive samples, follow­
ing the correction of a previous shift. 
(a) For j > k, this is the only term 
(b) For j = k, k > 0 there is an additional term of the form 
P{Fail to reject H0 at time t}*P(Remain in state "j" during production of the next K units} 
2 5 
( l - P . ) P . . 
3 3>3 
= ( 1 - P j 
3 
w h i c h i s t h e p r o b a b i l i t y o f t h e p r o c e s s ' s r e m a i n i n g u n d e ­
t e c t e d f o r a n e n t i r e s a m p l i n g p e r i o d i n t h e s a m e o u t - o f -
c o n t r o l s t a t e . 
( c ) F o r 0 < j < k t h e r e i s a n a d d i t i o n a l t e r m o f 
t h e f o r m 
P { F a i l t o r e j e c t H 0 a t t i m e t } * P { S h i f t H-̂ Hjc 
d u r i n g p r o d u c t i o n o f t h e n e x t K u n i t s } 
- ( i - p ) p = ( i - p . ) 
3 3 ' K 3 i - q 0 
w h i c h i s t h e p r o b a b i l i t y o f a n o u t - o f - c o n t r o l p r o c e s s ' s 
r e m a i n i n g u n d e t e c t e d a n d g o i n g f u r t h e r o u t o f c o n t r o l b e ­
f o r e t h e n e x t s a m p l e . 
A s a n e x a m p l e , t h e m a t r i x B f o r s = 2 i s a s f o l l o w s : 
Pi<3o p 1 q 1 + ( 1 - P j ) 
I q 
m = l 
m 
i - q 
p z q i 
p 2 q 2 + ( 1 - P j ) 
P 2 q 2 + ( 1 - P 2 ) 
i - q 0 
2 
i J i q ™ 
i - q r t 
I t i s e a s y t o d e m o n s t r a t e t h a t e a c h r o w o f s u c h a 
m a t r i x B s u m s t o 1 . T h i s , t o g e t h e r w i t h t h e a s s u m p t i o n t h a t 
t h e p r o c e s s i s n e v e r s e l f - c o r r e c t i n g , i s g i v e n i n m a n y 
m = l 
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r e f e r e n c e s ( 4 ) ( 1 8 ) a s d e f i n i n g t h e t r a n s i t i o n m a t r i x o f a n 
i r r e d u c i b l e a p e r i o d i c p o s i t i v e r e c u r r e n t M a r k o v c h a i n . 
T h e r e f o r e , i t c a n b e s h o w n t h a t t h e r e e x i s t s a v e c t o r 3_ o f 
e l e m e n t s 3. s u c h t h a t 
3 
s 
3/B = J T , w h e r e £ 3 • = 1 
j = 0 J 
a n d t h a t t h e v e c t o r 3. i s t h e v e c t o r o f s t e a d y - s t a t e p r o b a b i l ­
i t i e s 3. o f b e i n g i n s t a t e " j " . 
s 
I t c a n b e s h o w n t h a t , s i n c e 7 3 = 1 
m==0 
3" = ( O M ) B * - 1 
w h e r e ( 0 ' , 1 ) i s a n s + 1 d i m e n s i o n a l r o w v e c t o r o f s z e r o s 
a n d a 1 , a n d B * i s t h e s + 1 d i m e n s i o n a l s q u a r e s u b - m a t r i x 
o f t h e m a t r i x 
B - 1 1 1 
f o r m e d b y e l i m i n a t i n g a n y c o l u m n o f [ B - T J . I n t h i s d e v e l o p ­
m e n t , a n d t h e e x a m p l e g i v e n l a t e r , c o l u m n s w a s a r b i t r a r i l y 
e l i m i n a t e d s i n c e w h e n c o d e d i n t o t h e c o m p u t e r p r o g r a m t h i s 
i n v o l v e s m e r e l y a r e p l a c e m e n t o f c o l u m n s b y o n e s . 
T h e v e c t o r y i s t h e v e c t o r o f p r o b a b i l i t i e s y_. o f 
b e i n g i n t h e s t a t e " j " g i v e n t h e p r e v i o u s s t a t e o f t h e p r o ­
c e s s . ( T h e v e c t o r 3_ w a s d e f i n e d i r r e s p e c t i v e o f t h e p r e v i o u s 
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s t a t e o f t h e p r o c e s s ) . D u n c a n ( 2 ) h a s s h o w n t h a t g i v e n a 
s h i f t b e t w e e n a n y t w o s a m p l e s f r o m y_0 t o s o m e o t h e r , t h e 
a v e r a g e f r a c t i o n o f t h e i n t e r v a l t h a t e l a p s e s b e f o r e t h e 
s h i f t o c c u r s i s 
1 - ( l + A K / R ) e ~ A K / / R 
A K / R ( l - e ~ A K / R ) 
K n a p p e n b e r g e r a n d G r a n d a g e ( 1 0 ) m a k e t h e a s s u m p t i o n 
t h a t t h e f r a c t i o n F i s v a l i d f o r s h i f t s f r o m y_j t o j ^ 0 f 
a s w e l l a s f o r t h o s e f r o m y_0 t o 
T h e n t h e v a l u e o f y Q, a s g i v e n i n K n a p p e n b e r g e r a n d 
G r a n d a g e ( 1 0 ) i s 
Y 0 = B 0 q o + F 3 0 ( 1 - q 0 ) , 
t h e t w o t e r m s r e p r e s e n t i n g t h e p r o b a b i l i t y o f b e i n g i n a n d 
r e m a i n i n g i n s t a t e y_ 0 , a n d o f b e i n g i n b u t s h i f t i n g o u t o f 
s t a t e y_ 0 . 
T h e y . . . . i n c l u d e f o u r t e r m s — t h e p r o b a b i l i t y t h a t 
t h e p r o c e s s i s i n s t a t e j > 0 a t t i m e t a n d r e m a i n s t h e r e f o r 
t h e p r o d u c t i o n o f K u n i t s , t h e p r o b a b i l i t y t h a t t h e p r o c e s s 
i s i n s t a t e 0 a t t i m e t a n d s h i f t s t o s t a t e " j " , t h e p r o b a ­
b i l i t y t h a t t h e p r o c e s s i s i n s t a t e k < j a t t i m e t a n d 
s h i f t s t o " j " ( t h i s p r o b a b i l i t y i s z e r o w h e n j = 1 ) a n d t h e 
p r o b a b i l i t y t h a t t h e p r o c e s s i s i n s t a t e " j " a n d s h i f t s t o 





m = j + l 
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CHAPTER I I I 
DEVELOPMENT AND V A L I D A T I O N OF THE COMPUTER PROGRAM 
P r e c u r s o r P r o g r a m s 
K l a t t ' s B i v a r i a t e B i s t a t e S o l u t i o n 
T h e p r o g r a m p r e s e n t e d i n t h i s t h e s i s i s b a s e d o n 
o t h e r p r o g r a m s p r e s e n t e d i n K l a t t ( 9 ) a n d M i l t o n ( 1 2 ) ( 1 3 ) . 
K l a t t ' s w o r k , w h i c h w a s a l s o r e p o r t e d i n a s u b s e q u e n t p a p e r 
( 1 5 ) , d e v e l o p e d a c o m p u t e r p r o g r a m w h i c h s o l v e d t h e s a m e 
c o s t e q u a t i o n a s u s e d h e r e f o r t h e t w o - v a r i a b l e , t w o - s t a t e 
( i . e . , o n e o u t - o f - c o n t r o l s t a t e ) c a s e . F r o m t h e p o i n t o f 
v i e w o f t h e p o t e n t i a l u s e r , h o w e v e r , t h i s p r o g r a m i s i n ­
c o n v e n i e n t i n t h a t i t r e q u i r e s a g r e a t d e a l o f p r e p a r a t o r y 
w o r k . T h i s i s l a r g e l y a t t r i b u t a b l e t o a d i r e c t c o n v e r s i o n 
o f t h e m a t h e m a t i c a l o p e r a t i o n s i n t o FORTRAN w i t h o u t a n y 
a t t e m p t a t u s i n g e f f i c i e n t p r o g r a m m i n g t e c h n i q u e s o r s i m ­
p l i f y i n g i n p u t . A s e c o n d c a u s e w a s t h e n e e d t o u s e b i ­
v a r i a t e n o r m a l t a b l e s f o r t h e p r o b a b i l i t i e s o f p r o d u c i n g 
d e f e c t i v e s , s i n c e a n a p p r o x i m a t i o n o r n u m e r i c a l e v a l u a t i o n 
o f t h e b i v a r i a t e n o r m a l i n t e g r a l w a s n o t a v a i l a b l e . 
A s m e n t i o n e d b r i e f l y i n t h e I n t r o d u c t i o n , i f t h e 
p r o g r a m p r e s e n t e d h e r e i s t o b e o f u s e t o p r o f e s s i o n a l 
p r a c t i t i o n e r s , i t m u s t b e b o t h c o r r e c t a n d e a s y t o u s e . 
T h e r e f o r e , t h e r e q u i r e d i n p u t h a s b e e n c h a n g e d i n m a n y 
c a s e s . A c o m p a r i s o n t a b l e o f t h e i n p u t s r e q u i r e d b y K l a t t ' s 
3 0 
p r o g r a m a n d t h e p r o g r a m p r e s e n t e d h e r e i s t o b e f o u n d i n 
A p p e n d i x 7 . I n t e r n a l l y , K l a t t ' s p r o g r a m i n t h e p a r a m e t e r 
o p t i m i z a t i o n p h a s e s t e p s t h r o u g h v a r i o u s v a l u e s o f N , K 
a n d T 2 . T h i s i s p e r f e c t l y v a l i d , b u t f o r a b e t t e r i n t u i ­
t i v e m e a n i n g t h e v a r i a b l e s i n t h e n e w p r o g r a m h a v e b e e n 
c h a n g e d t o N , K a n d a , w i t h t h e v a l u e o f T 2 c o m p u t e d f r o m 
a . T h e v a l u e o f t h e o p t i m a l a i s d i s p l a y e d i n e a c h c a s e 
w i t h t h e o p t i m a l T 2 . 
M i l t o n 1 s N o r m a l I n t e g r a l E v a l u a t i o n 
M i l t o n h a s p u b l i s h e d s e v e r a l p a p e r s ( 1 2 ) ( 1 3 ) o n n o r ­
m a l i n t e g r a l e v a l u a t i o n . I n h i s p a p e r o n t h e m u l t i v a r i a t e 
i n t e g r a l ( 1 2 ) , h e p r e s e n t e d a s e l f - c o n t a i n e d p r o g r a m w h i c h 
w o u l d e v a l u a t e t h e m u l t i v a r i a t e i n t e g r a l w i t h d i s t r i b u t i o n 
p a r a m e t e r s a s i n p u t . F o r t h e p r e s e n t p u r p o s e t h i s w a s i n ­
s u f f i c i e n t . O n c e a g a i n , e a s e o f i m p l e m e n t a t i o n t o t h e p o ­
t e n t i a l u s e r h a d t o b e c o n s i d e r e d , a n d t h i s c o n s i d e r a t i o n 
r u l e d o u t t a k i n g o u t p u t f r o m o n e f r e e - s t a n d i n g p r o g r a m a n d 
u s i n g i t a s i n p u t t o a n o t h e r . E v e n c o m m u n i c a t i o n v i a f i l e s 
w a s u n r e a s o n a b l y c o m p l i c a t e d s i n c e f i l e i n p u t a n d o u t p u t i n 
FORTRAN v a r i e s f r o m o n e c o m p i l e r t o a n o t h e r . T h e e v a l u a t i o n 
p r o g r a m w a s t h e r e f o r e c h a n g e d t o g i v e i t t h e f o r m a t o f a 
FORTRAN f u n c t i o n s u b p r o g r a m . T h e m u l t i - d i m e n s i o n a l v o l u m e 
w i t h i n a s e t o f l i m i t s c a n , v i a t h i s t e c h n i q u e , b e d e t e r ­
m i n e d b y o n e u s e o f t h e s u b p r o g r a m , w i t h a r g u m e n t s o f l i m i t 
v e c t o r s , c o v a r i a n c e m a t r i x , m e a n v e c t o r , a n d o t h e r i t e m s a s 
n e c e s s a r y t o d e f i n e t h e p r o b l e m . A d r i v i n g f u n c t i o n w a s 
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w r i t t e n w h i c h r e p l a c e s M i l t o n ' s m a i n p r o g r a m a n d f i r s t l e v e l 
s u b r o u t i n e a n d w h i c h f r a g m e n t s t h e o u t e r m o s t l e v e l o f t h e 
i t e r a t e d i n t e g r a l i n t o t h e d e s i r e d n u m b e r o f p a r t s . 
I n t h e c o u r s e o f m o d i f y i n g M i l t o n ' s p r o g r a m , i t w a s 
n e c e s s a r y t o c h a n g e f r o m a f o r m w h e r e t h e e n t i r e p r o g r a m 
w a s c o d e d f o r a p a r t i c u l a r n u m b e r o f v a r i a b l e s t o o n e i n 
w h i c h t h e n u m b e r o f v a r i a b l e s c o u l d b e d e t e r m i n e d a t r u n 
t i m e . T h i s w a s d o n e b y d e l e t i n g i n t e r n a l l y d e f i n e d m a t r i c e s 
( t h e c o v a r i a n c e m a t r i x a n d i t s i n v e r s e ) a n d p a s s i n g b o t h 
t h e m a n d t h e i r d i m e n s i o n , t h e n u m b e r o f v a r i a b l e s , t h r o u g h 
t h e s u b r o u t i n e o r f u n c t i o n a r g u m e n t l i s t . T o u s e t h i s t e c h ­
n i q u e t h r o u g h o u t t h e p r o g r a m , t h e m a i n p r o g r a m i s v e r y 
s h o r t , s e r v i n g m e r e l y t o d e f i n e t h e m a t r i c e s i n t h e i r l a r g ­
e s t f o r m ( 1 2 x 1 2 ) a n d i n q u i r e o f t h e u s e r w h a t t h e p r o b l e m 
d i m e n s i o n s a r e . T h e m a t r i c e s a n d d i m e n s i o n i n g i n f o r m a t i o n 
a r e t h e n p a s s e d t o a f i r s t l e v e l s u b r o u t i n e w h e r e a l l f u r ­
t h e r i n p u t s a r e p r o c e s s e d a n d w h e r e a l l t h e p r i m a r y c o m p u -
t a t i o n i s d o n e . C o n t r o l n e v e r r e t u r n s t o t h e m a i n p r o g r a m . 
A G e n e r a l M a t r i x I n v e r s i o n R o u t i n e 
A s u b r o u t i n e c a l l e d INVERT w a s i n c l u d e d a m o n g t h e 
r o u t i n e s r e c e i v e d f r o m D r . M i l t o n a t t h e N a t i o n a l I n s t i t u t e 
o f H e a l t h . T h i s r o u t i n e i n v e r t s s y m m e t r i c m a t r i c e s a n d p r o ­
v i d e s t h e i r d e t e r m i n a n t s , a n d i s s u f f i c i e n t w h e n d e a l i n g 
w i t h c o v a r i a n c e m a t r i c e s . T h e m a t r i x B u s e d i n d e v e l o p i n g 
t h e 3 v e c t o r i s n o t s y m m e t r i c , h o w e v e r , a n d c o n s e q u e n t l y 
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a n o t h e r r o u t i n e , M T I N V , w a s i n c o r p o r a t e d i n t o t h e p r o g r a m . 
M T I N V , f r o m t h e H o n e y w e l l L e v e l 66 m a t h e m a t i c s l i b r a r y ( 2 3 ) , 
i n v e r t s a n y n o n - s i n g u l a r m a t r i x b u t r e t u r n s n o d e t e r m i n a n t . 
B e c a u s e o f t h e n e e d f o r t h e c o v a r i a n c e m a t r i x d e t e r m i n a n t , 
b o t h r o u t i n e s w e r e r e t a i n e d a n d u s e d w h e r e a p p r o p r i a t e . 
P r o g r a m V a l i d a t i o n 
O n e o f t h e m o s t s e r i o u s p r o b l e m s i n t h e d e v e l o p m e n t 
o f p r o g r a m s f o r i t e r a t i v e s o l u t i o n s i s t h e i r v a l i d a t i o n , 
s i n c e i f t h e r e w e r e r e s o u r c e s t o c h e c k a l l t h e p r o g r a m ' s 
s t e p s t h o r o u g h l y , t h e n e e d f o r t h e p r o g r a m w o u l d b e g r e a t l y 
l e s s e n e d . T h e v a l i d a t i o n t h e r e f o r e h a d t o b e l e s s t h a n 
c o m p l e t e , a n d p r o c e e d e d p i e c e m e a l . 
O u t l i n e o f V a l i d a t i o n S t e p s 
V a l i d a t i o n o f t h e p r o g r a m p r e s e n t e d h e r e i n f e l l i n t o 
s e v e r a l p h a s e s : 
( 1 ) C h e c k i n g o f s t e p s i n t h e m a t h e m a t i c a l d e v e l o p ­
m e n t a n d t h e a d h e r e n c e o f t h e p r o g r a m s a n d s u b r o u t i n e s t o 
t h o s e s t e p s . 
( 2 ) H a n d c h e c k i n g o f t h e d e v e l o p m e n t o f K l a t t 1 s ( 9 ) 
i n p u t s ( r e q u i r i n g s o m e e x t e n d e d c a l c u l a t i o n a s m e n t i o n e d 
a b o v e ) . 
( 3 ) R e - g e n e r a t i o n o f K l a t t ' s ( 9 ) o u t p u t u s i n g h i s 
p r o g r a m c o n v e r t e d t o r u n o n t h e H o n e y w e l l 6 6 / 4 0 . 
( 4 ) C o m p a r i n g o u t p u t f r o m M i l t o n ' s ( 1 3 ) u n i v a r i a t e 
n o r m a l r o u t i n e a g a i n s t n o r m a l t a b l e s . 
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( 5 ) R e - r u n n i n g o f t h e p r o b l e m s u s e d b y M i l t o n ( 1 2 ) 
t o v a l i d a t e h i s m u l t i v a r i a t e n o r m a l i n t e g r a t i o n p r o g r a m . 
( 6 ) C o m p a r i n g o u t p u t f r o m M i l t o n ' s ( 1 2 ) p r o g r a m 
a g a i n s t NBS b i v a r i a t e n o r m a l t a b l e s ( 2 2 ) . 
( 7 ) C o m p a r i n g o u t p u t f r o m t h e m u l t i v a r i a t e T 2 ( a ) 
i n t e g r a l e v a l u a t i o n ( u s i n g s u c c e s s i v e a p p r o x i m a t i o n s o f t h e 
/ T 2 ( a ) i n v e r s e f u n c t i o n ) a g a i n s t t h e b i v a r i a t e e v a l u a t i o n 
( a c l o s e d - f o r m c a l c u l a t i o n ) . 
( 8 ) C h e c k i n g i n t e r m e d i a t e r e s u l t s a g a i n s t h a n d c o m ­
p u t a t i o n . 
( 9 ) I t e r a t i n g t o a s o l u t i o n u s i n g t h e e x a m p l e p r o b ­
l e m f r o m M o n t g o m e r y a n d K l a t t ( 1 5 ) . 
( 1 0 ) R u n n i n g t h e n e w p r o g r a m t o c o m p u t e v a l u e s a t t h e 
t a b u l a t e d p o i n t s i n M o n t g o m e r y a n d K l a t t ( 1 5 ) . 
C o n d u c t o f V a l i d a t i o n S t e p s 
M a t h e m a t i c a l D e v e l o p m e n t . T h i s w a s c h e c k e d i n t e r n a l ­
l y i n K l a t t ( 9 ) a n d M i l t o n ( 1 2 ) . I n f o l l o w i n g K l a t t ' s d e ­
v e l o p m e n t o f t h e n o n - c e n t r a l F a p p r o x i m a t i o n a n d i n m o d i f y i n g 
t h e p r o g r a m t o c o m p u t e t h e m u l t i v a r i a t e T 2 i n t e g r a l , c a l c u ­
l a t i o n s w e r e c h e c k e d b a c k t o t h e o r i g i n a l p a p e r s o f P a u l s e n 
( 1 9 ) a n d H o t e l l i n g ( 8 ) . K l a t t ' s ( 9 ) d e v e l o p m e n t o f t h e n o n -
c e n t r a l F w a s a d u p l i c a t i o n o f t h e w o r k o f L a u b s c h e r ( 1 1 ) 
a n d S e v e r o a n d Z e l e n ( 2 1 ) a s n o t e d i n M u d h o l k a r e t a l . ( 1 7 ) . 
T h e a c c u r a c y o f t h i s a p p r o x i m a t i o n i s s t u d i e d i n M u d h o l k a r 
e t a l . ( 1 7 ) , w h o n o t e t h a t i t i s t h e l e a s t a c c u r a t e o f t h e 
f o u r a p p r o x i m a t i o n s s t u d i e d . H o w e v e r , a t i t s w o r s t c a s e i t 
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i s a c c u r a t e t o 1 . 6 x 1 0 ~ 2 , o r a b o u t 10% o f t h e t r u e v a l u e 
a t t h a t p o i n t . I t i s s e l d o m w o r s e t h a n 1% o f t h e t r u e v a l u e , 
a n d w i t h c a r e f u l l y c h o s e n v a l u e s o f N a , i t c a n b e h e l d w i t h ­
i n t h i s r a n g e . When t h e u n c e r t a i n t y o f s o m e o f t h e e s t i m a t e d 
p a r a m e t e r s i s c o n s i d e r e d , t h i s s e e m s t o b e r e a s o n a b l e a c ­
c u r a c y , a n d t h e a p p r o x i m a t i o n w a s n o t c h a n g e d t o o n e o f t h o s e 
s h o w n i n M u d h o l k a r e t a l . ( 1 7 ) , n o r t o t h e a p p r o x i m a t i o n i n 
S e a r l e ( 2 0 ) . 
K l a t t ' s c o d i n g w a s c h e c k e d l i n e b y l i n e a g a i n s t h i s 
d e v e l o p m e n t a n d w a s c o r r e c t e x c e p t f o r t y p o g r a p h i c a l e r r o r s . 
M i l t o n ' s c o d i n g w a s c h e c k e d s i m i l a r l y u p t o t h e p o i n t w h e r e 
t h e m u l t i d i m e n s i o n a l q u a d r a t u r e r o u t i n e w a s e n t e r e d . B e y o n d 
t h i s , t h e a g r e e m e n t o f n u m e r i c a l r e s u l t s w i t h k n o w n v a l u e s 
s e e m e d t o j u s t i f y a c c e p t a n c e . A s w e l l , t h e f a c t t h a t M i l ­
t o n ' s r o u t i n e s w e r e l o a d e d f r o m a p u n c h e d c a r d d e c k , a r e ­
l i a b l e m e d i u m , a r g u e s f o r t h e i r c o r r e c t n e s s . 
R e - c o m p u t a t i o n o f K l a t t ' s I n p u t . K l a t t ' s p r o g r a m w a s 
c o n f i r m e d i n r e g e n e r a t i n g t h e o u t p u t v a l u e s p u b l i s h e d i n 
M o n t g o m e r y a n d K l a t t ( 1 5 ) . T h e r e w e r e e r r o r s i n p r e p a r a t i o n 
o f i n p u t p a r a m e t e r s i n K l a t t ( 9 ) , h o w e v e r , w h i c h a r e t r a c e ­
a b l e t o a n i n c o r r e c t d e f i n i t i o n o f t h e d o m a i n o f i n t e g r a t i o n 
o f t h e b i v a r i a t e n o r m a l d i s t r i b u t i o n . I n s t e a d o f i n t e g r a t ­
i n g o v e r d o m a i n I , s h o w n i n F i g u r e 4 , i n t e g r a t i o n w a s p e r ­
f o r m e d o v e r d o m a i n I I . T h e s e e r r o r s i n K l a t t ' s o r i g i n a l 
w o r k w e r e d e l e t e d p r i o r t o p u b l i c a t i o n i n j o u r n a l f o r m , a n d 
c o n s e q u e n t l y t h e t a b l e s r e p o r t e d i n M o n t g o m e r y a n d K l a t t 
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F i g u r e 4 . E r r o r I n D e f i n i t i o n O f D o m a i n O f I n t e g r a t i o n O f 
B i v a r i a t e N o r m a l D i s t r i b u t i o n 
( 1 5 ) a r e v a l i d . U l t i m a t e l y , g o o d a g r e e m e n t w i t h t h i s p a p e r 
w a s a c h i e v e d . 
R e g e n e r a t i o n o f K l a t t ' s O u t p u t . G i v e n t h e p u b l i s h e d 
i n p u t , t h e p r o g r a m c o n v e r t e d t o t h e H o n e y w e l l m a c h i n e g a v e 
g o o d a g r e e m e n t . I n t h i s p h a s e o f v a l i d a t i o n , t h e d i v e r g e n t 
s o l u t i o n s s h o w e d u p c o r r e s p o n d i n g t o N = N a < p + 3 . 
C o m p a r i n g V a l u e s o f t h e U n i v a r i a t e N o r m a l I n t e g r a l . 
T h e v a l u e s p r o d u c e d b y M i l t o n ' s ( 1 2 ) s u b r o u t i n e w e r e t a b u l a ­
t e d a n d c o m p a r e d t o p u b l i s h e d v a l u e s . R e s u l t s w e r e g o o d t o 
± 5 x 1 0 " 5 . D e t a i l e d r e s u l t s a r e g i v e n i n A p p e n d i x 2 . 
R e - r u n n i n g M i l t o n ' s C h e c k s . V a l u e s f o r t h e v o l u m e s 
o f i n f i n i t e r e c t a n g l e s a n d h y p e r - r e c t a n g l e s a n d o f t h e n -
d i m e n s i o n a l o r t h a n t s g a v e g o o d a g r e e m e n t w i t h k n o w n v a l u e s . 
B i v a r i a t e I n t e g r a l C o m p a r i s o n . T h e b i v a r i a t e t a b l e s 
p u b l i s h e d b y NBS ( 2 2 ) w e r e r e - g e n e r a t e d f o r c o r r e l a t i o n 
c o e f f i c i e n t s o f 0 , . 4 5 , a n d . 5 c o r r e s p o n d i n g t o K l a t t ' s 
t h r e e t r i a l c o v a r i a n c e m a t r i c e s . R e s u l t s w e r e g o o d t o 
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a p p r o x i m a t e l y 5 x 1 0 ~ 5 . D e t a i l e d r e s u l t s a r e s h o w n i n A p ­
p e n d i x 3 . 
C l o s e d F o r m f o r T 2 C o m p a r e d t o A p p r o x i m a t i o n . I n 
t h e b i v a r i a t e c a s e , t h e f o r m u l a f r o m p a g e 37 5 o f H o t e l l i n g 
( 8 ) 
a = n - 1 
n 
w h e r e n i s t h e d e g r e e s o f f r e e d o m , N - 1 , g i v e s a c l o s e d f o r m 
e x p r e s s i o n f o r T 2 , t h a t i s , 
T 2 = n 
r i ~ i n - l 
a 
- 1 
T h i s f o r m u l a w a s u s e d b y K l a t t t o c o n v e r t t h e i n i t i a l a 
p a r a m e t e r s i n t o T 2 , b u t n o s u c h f o r m u l a e x i s t s f o r p r o b l e m s 
w h e r e t h e n u m b e r o f v a r i a b l e s , p , i s o d d . T o d e r i v e t h e 
v a l u e o f T 2 , s u c c e s s i v e a p p r o x i m a t i o n s t o t h e d e s i r e d a 
w e r e m a d e u s i n g P a u l s o n ' s ( 1 9 ) a p p r o x i m a t i o n t o t h e c u m u l a ­
t i v e F d i s t r i b u t i o n f u n c t i o n . T h e r e s u l t s y i e l d e d b y t h i s 
t e c h n i q u e a g r e e v e r y w e l l w i t h t h e c l o s e d f o r m , e x c e p t n e a r 
t h e l i m i t s o f s m a l l N ^ , p a n d F . D e t a i l e d r e s u l t s a r e s h o w n 
i n A p p e n d i x 4 . A s i s s h o w n i n M u d h o l k a r e t a l . ( 1 7 ) , s o 
l o n g a s N i s a d j u s t e d t o k e e p F> .3 , t h e e r r o r r e m a i n s < 2 % . 
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C h e c k i n g I n t e r m e d i a t e R e s u l t s 
M a n u a l l y c h e c k i n g t h e r e s u l t s o f a f u l l i t e r a t i v e 
s o l u t i o n w o u l d i n v o l v e c o n s i d e r a b l e e f f o r t . T h e r e f o r e , t h e 
c o s t a t o n l y o n e p o i n t was m a n u a l l y c o m p u t e d and c o m p a r e d 
t o t h e p r o g r a m ' s d e r i v e d c o s t . F o r t h i s p u r p o s e , s i n c e t h e 
s u b r o u t i n e s had p r e v i o u s l y b e e n c h e c k e d , t h e i r r e s u l t s w e r e 
a c c e p t e d a s i n p u t t o t h e manua l c o m p u t a t i o n s w h e n e v e r s u b ­
r o u t i n e s w e r e e n c o u n t e r e d . Thus t h e manua l c o m p u t a t i o n s 
c h e c k e d o n l y t h e main p r o g r a m ' s r e s u l t s and d i d n o t f u r t h e r 
v a l i d a t e t h e s u b r o u t i n e s . 
The c e n t r a l p o i n t i n t h e t a b l e o f O p t i m a l T e s t Pa ram­
e t e r s f r o m M o n t g o m e r y and K l a t t ( 1 5 ) ( t h e i r T a b l e 1) was 
s e l e c t e d a s t h e p o i n t t o u s e . M a c h i n e d i f f e r e n c e s , t h e 
p u b l i s h i n g o f t h e v a l u e o f K o n l y w i t h i n ± 5 0 , and t h e u s e 
o f t h e s u b r o u t i n e f o r e v a l u a t i n g t h e m u l t i v a r i a t e n o r m a l 
c u m u l a t i v e d i s t r i b u t i o n f u n c t i o n i n s t e a d o f i n t e r p o l a t i n g 
f r o m b i v a r i a t e t a b l e s , p r e v e n t e d c o m p l e t e a g r e e m e n t w i t h t h e 
r e s u l t s o f M o n t g o m e r y and K l a t t ( 1 5 ) . Bu t h a v i n g t h e i r 
c o s t a s an a p p r o x i m a t i o n o f t h e d e s i r e d r e s u l t k e p t e r r o r s 
i n t h e m a t h e m a t i c a l d e v e l o p m e n t f r o m r e m a i n i n g u n c o r r e c t e d 
t h r o u g h t h i s s t e p . I n t h i s way i t was d i s c o v e r e d t h a t i n 
t h e c o m p u t a t i o n o f w h e r e 
3 / = ( O f , 1) B * ~ 1 
and w h e r e B* i s t h e s + 1 d i m e n s i o n a l s q u a r e s u b - m a t r i x o f t h e 
m a t r i x 
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[ B - I | l ] , 
t h e s u b t r a c t i o n B 0 0 - I 0 0 w a s n o t b e i n g m a d e , r e s u l t i n g i n 
n e g a t i v e p r o b a b i l i t i e s i n 3^. T h i s w a s c o r r e c t e d , a n d r e ­
s u l t s a g r e e d w e l l w i t h M o n t g o m e r y a n d K l a t t ( 1 5 ) . T h e i r 
e s t i m a t e d c o s t w a s $ . 0 8 7 1 1 , w h i l e t h e c o s t p r o d u c e d h e r e 
w a s $ . 0 8 3 4 . 
I n o r d e r t o c o m p a r e r e s u l t s a g a i n s t t h o s e o f M o n t ­
g o m e r y a n d K l a t t ( 1 5 ) , w h e r e T 2 b u t n o t a i s p r i n t e d , t h e 
a b i l i t y t o d e f i n e T 2 r a t h e r t h a n a a n d t o d i s a b l e t h e i t e r a ­
t i o n w a s i n c o r p o r a t e d i n t o t h e p r o g r a m . T h i s a b i l i t y w a s 
a l s o i m p o r t a n t i n t h e l a s t v a l i d a t i o n s t e p . 
C o m p a r i n g M i n i m a l S o l u t i o n s . O n c e i t w a s e s t a b l i s h e d 
t h a t t h e c o s t s d e r i v e d b y M o n t g o m e r y a n d K l a t t c o u l d b e 
r e p r o d u c e d , t h e p r o g r a m w a s a l l o w e d t o s o l v e f o r t h e m i n i m a l 
c o s t . S u r p r i s i n g l y , w h i l e t h e m i n i m a l c o s t w a s c l o s e t o 
t h a t o f M o n t g o m e r y a n d K l a t t , t h e o p e r a t i n g p o i n t w a s q u i t e 
d i f f e r e n t . I n f a c t , t h e m i n i m a l o p e r a t i n g p o i n t w a s a l w a y s 
f o u n d a t t h e m i n i m a l N ( N = 5 ) a n d a ( a = . 0 0 1 ) . T h i s s e e m e d 
u n l i k e l y , s o a l l t o t a l c o s t s w e r e p r i n t e d - 2 7 p e r i t e r a t i o n 
w h i c h s h o w e d t h a t t h e m i n i m u m w a s b e i n g c o r r e c t l y d e t e r m i n e d . 
A r e c h e c k o f t h e p r o g r a m r e p r o d u c e d i n K l a t t ( 9 ) s h o w e d t h a t 
h i s s e a r c h s c h e m e i n v o l v e d o n l y o n e r e d u c t i o n i n s t e p s i z e . 
T h e f i n a l s e a r c h w a s c o n d u c t e d w i t h a s t e p o f 1 / 1 0 K . T h i s 
m e a n t , f o r t h i s p r o b l e m , a s i z e f o r K i n t h e n e i g h b o r h o o d 
o f 7 0 . T o t h i s d e g r e e o f r e f i n e m e n t t h e s u r f a c e s e e m e d 
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c o n v e x . T h e p r o g r a m u s e d i n t h i s s t u d y w i l l r e d u c e s t e p 
s i z e t o 1 i n b o t h N a n d K i n a l l c a s e s , a t w h i c h t i m e n o n -
c o n v e x i t y i n t h e s u r f a c e i s r e v e a l e d . T h e i t e r a t i v e s c h e m e 
w a s t h u s p r o v e n , t h o u g h n o t b y i t s a g r e e m e n t w i t h p r i o r 
w o r k . 
C o m p a r i s o n w i t h T a b u l a t e d V a l u e s . C o m p a r i s o n w i t h 
t h e r e s u l t s i n M o n t g o m e r y a n d K l a t t ( 1 5 ) w a s , f o r t h e r e a ­
s o n s g i v e n a b o v e , m a d e u s i n g t h e n o n - i t e r a t i v e t e c h n i q u e . 
A g r e e m e n t w a s g o o d , e x c e p t t h a t f o r A 2 = A 3 = . 0 0 1 , a l l r e s u l t s 
g i v e n i n M o n t g o m e r y a n d K l a t t ( 1 5 ) a r e f o r b i d d e n b y P a u l ­
s e n ' s r u l e t h a t N b e > p + 3 . A c o m p a r i s o n o f e s t i m a t e d c o s t s 
d e r i v e d b y t h e t w o p r o g r a m s i s g i v e n i n A p p e n d i x 5 . I n ­
t e r e s t i n g l y , i n t h o s e s i t u a t i o n s w h e r e N w a s e q u a l t o t h r e e 
o r f o u r i n M o n t g o m e r y a n d K l a t t , f o r a n N o f 5 t h e v a l u e o f 
a i s o b v i o u s l y d i v e r g e n t , a s s h o w n i n A p p e n d i x 5 . 
L a n g u a g e S t a n d a r d i z a t i o n 
I f a n y c o m p u t e r p r o g r a m i s i n t e n d e d t o b e r u n o n a 
n u m b e r o f m a c h i n e s , s t a n d a r d i z a t i o n o f l a n g u a g e m u s t b e a 
c o n s i d e r a t i o n . M o s t m a j o r c o m p u t e r m a n u f a c t u r e r s p r o v i d e 
a c l o s e a p p r o x i m a t i o n t o A N S I s t a n d a r d FORTRAN, o r a n e x ­
t e n d e d s t a n d a r d FORTRAN. T o i n s u r e c o m p a t i b i l i t y a m o n g 
m a c h i n e s , i t i s n e c e s s a r y t o u n d e r s t a n d w h a t c o n s t i t u t e s 
s u c h e x t e n s i o n s a n d w h e r e c o m p a t i b i l i t y p r o b l e m s w i l l a r i s e 
i n n o n - s t a n d a r d a r e a s . 
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I n w r i t i n g t h i s p r o g r a m , a n y d e p e n d e n c e o n t h e H o n e y ­
w e l l L e v e l 66 c o m p u t e r o r i t s s o f t w a r e w a s a v o i d e d . I n 
p a r t i c u l a r , n o e x e c u t i v e f u n c t i o n s s u c h a s a s y s t e m c l o c k 
i n t e r f a c e a r e i n v o k e d , a n d , w h i l e a l i n e - n u m b e r e d p r o g r a m i s 
u s e d , t h e f o r m a t o f e a c h l i n e i s s u c h t h a t i t i s l e f t i n 
s t a n d a r d f i x e d - f i e l d FORTRAN f o r m a t i f t h e l i n e n u m b e r s a r e 
r e m o v e d . No l i n e i s l o n g e r t h a n 7 2 c h a r a c t e r s , t o p e r m i t 
s t a n d a r d t e l e t y p e l i s t i n g . A l s o , s i n c e d i f f e r e n t s y s t e m s 
h a v e d i f f e r e n t i n p u t a n d o u t p u t d e v i c e n u m b e r s , a l l i n p u t 
a n d o u t p u t s t a t e m e n t s r e f e r e n c e v a r i a b l e s c o n t a i n i n g l o g i c a l 
u n i t n u m b e r s , r a t h e r t h a n r e f e r e n c i n g c o n s t a n t s . 
A v o i d a n c e o f e x t e n s i o n s a m o u n t s t o l i m i t i n g t h e F O R ­
TRAN r e p e r t o i r e t o a f a i r l y c o m m o n s u b s e t . I n t h i s p r o g r a m , 
n o ENTRY s t a t e m e n t s w e r e u s e d a n d n o CHARACTER v a r i a b l e s 
w e r e d e f i n e d , t h e o n e a l p h a b e t i c i n p u t b e i n g r e a d i n t o a n 
i n t e g e r w o r d . A l l DIMENSION a n d TYPE s t a t e m e n t s a r e l o c a t e d 
a t t h e h e a d o f p r o g r a m s a n d s u b r o u t i n e s . No n u l l a r g u m e n t s 
h a v e b e e n p a s s e d . No l o g i c a l v a r i a b l e s h a v e b e e n u s e d , a l ­
t h o u g h s o m e l o g i c a l I F s t a t e m e n t s e x i s t . I n s h o r t , t o m o v e 
f r o m t h e H o n e y w e l l L e v e l 6 6 t o a n o t h e r m a c h i n e w h i c h s u p ­
p o r t s s i x c h a r a c t e r v a r i a b l e n a m e s a n d l o g i c a l I F s t a t e m e n t s , 
t h e o n l y c o n s i d e r a t i o n s h o u l d b e t h e f o r m a t o r e x i s t e n c e o f 
f r e e - f i e l d i n p u t . F r e e - f i e l d i n p u t i s s u c h a c o n v e n i e n c e t o 
t h e u s e r t h a t i t w a s i n c o r p o r a t e d d e s p i t e t h i s c o m p a t i b i l i t y 
d r a w b a c k . (A l i s t i n g o f t h e p r o g r a m c a n b e f o u n d i n A p p e n d i x 
7 . ) 
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S e a r c h P r o c e d u r e 
T h e s e a r c h p r o c e d u r e i s a m u l t i - s t e p g r i d s e a r c h p a t ­
t e r n e d d i r e c t l y a f t e r K l a t t ( 9 ) . H o w e v e r , w h e r e K l a t t u s e d 
a t w o - s t a g e g r i d s e a r c h , t h e p r o g r a m p r e s e n t e d h e r e u s e s a s 
m a n y s t e p r e d u c t i o n s a s n e c e s s a r y f o r c o n v e r g e n c e . T h e g r i d 
i n q u e s t i o n i s d e f i n e d b y t h e l i m i t s o n t h e p a r a m e t e r s N , K , 
a n d a . I n a l l , 2 7 p o i n t s a r e e v a l u a t e d a t e a c h i t e r a t i o n , 
c o r r e s p o n d i n g t o t h e c e n t e r p o i n t ( N 0 , K 0 , a 0 ) a n d a l l c o m b i ­
n a t i o n s o f ( N Q + A N , K +AK, .a + A a ) . T h e s e p o i n t s l i e a t t h e 
c e n t e r , c o r n e r s , c e n t e r s o f e d g e s a n d c e n t e r s o f f a c e s o f a 
s o l i d r e c t a n g l e i n N , K , a s p a c e . T h i s r e c t a n g l e i s l o o s e l y 
c a l l e d a c u b e h e r e f o r c o n v e n i e n c e . 
K l a t t ' s s o l e c o n v e r g e n c e c r i t e r i o n w a s t h a t t h e m i n i ­
mum o f t h e 2 7 c o s t s c o m p u t e d w i t h i n t h e N , K , a c u b e o c c u r 
a t t h e c u b e ' s c e n t e r p o i n t . H e r e , t h i s c r i t e r i o n i s s u f f i ­
c i e n t t o d e c l a r e c o n v e r g e n c e o n l y i f a l l s t e p s i z e s a r e a l s o 
m i n i m a l . B e f o r e t h i s c o n d i t i o n i s m e t , K l a t t ' s c o n v e r g e n c e 
c r i t e r i o n m e r e l y t r i g g e r s a r e d u c t i o n i n s t e p s i z e . T h e 
s t e p s i z e i s n e v e r i n c r e a s e d . 
T o o p t i m i z e t h e s e a r c h , s o m e e x p e r i m e n t a t i o n w i t h t h e 
s t e p r e d u c t i o n f a c t o r w a s d o n e . A f a c t o r o f 1 / 8 w a s s e t t l e d 
u p o n , s i n c e i t w a s o p t i m a l i n o n e c a s e a n d h e l d t h e n u m b e r 
o f i t e r a t i o n s ( 2 7 p o i n t s o f e v a l u a t i o n p e r i t e r a t i o n ) t o 
a b o u t 1 2 i n m o s t o t h e r s . A s a c o m p a r i s o n , a s t e p r e d u c t i o n 
f a c t o r o f 1 / 2 s e e m s t o c a u s e c o n v e r g e n c e i n a b o u t t w i c e t h i s 
n u m b e r o f i t e r a t i o n s . 
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T h e u s e r i s r e q u i r e d t o e n t e r s e a r c h l i m i t s f o r N , 
K , a n d a . T h e s e a r e i n r e a l i t y t h e b o u n d a r i e s o f t h e f i r s t 
c u b e t o b e s e a r c h e d , n o t t r u e l i m i t s . W h e n e v e r a m i n i m u m 
i s f o u n d o n t h e c u b e ' s s u r f a c e , t h e l i m i t s a r e a d j u s t e d t o 
p l a c e t h a t p o i n t a t t h e c e n t e r o f a n e w c u b e o f t h e s a m e 
s i z e . T h u s a f t e r e a c h i t e r a t i o n , e i t h e r t h e s t e p s i z e i s 
r e d u c e d o r t h e c u b e i s s h i f t e d t o w a r d t h e m i n i m u m . 
T h e r e a r e c e r t a i n l i m i t s i m p o s e d o n t h e N , K , a n d a 
p a r a m e t e r s a s l i s t e d i n T a b l e 1 . 
T a b l e 1 . L i m i t s o n N , K , a n d a 
1 . N > 5 
2 . N .< K 
3 . a >. . 0 0 1 
4 . AN > 1 
5 . AK > 1 
6 . Act >. . 0 0 1 
T h e f i r s t o f t h e s e , f o r r e a s o n a b l y w e l l - b e h a v e d d i s ­
t r i b u t i o n s , a s s u r e s t h a t t h e d i s t r i b u t i o n o f t h e s a m p l e m e a n 
i s c l o s e t o n o r m a l v i a t h e c e n t r a l l i m i t t h e o r e m . T h e . 0 0 1 
l i m i t o n a a n d o n Act i s a r b i t r a r y . T h e o t h e r l i m i t s a r e 
o b v i o u s c o n d i t i o n s , t h e i m p o r t a n t p o i n t b e i n g t h a t a l l t h e s e 
l i m i t s a r e e n f o r c e d b y t h e p r o g r a m . When a l i m i t i s v i o l a t e d , 
t h e p a r t i c u l a r p a r a m e t e r i s s e t t o t h e v a l u e o f t h e l i m i t . 
T h e 2 7 p o i n t c u b e i n s u c h c a s e w i l l h a v e o n e o r m o r e s i d e s 
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c o l l a p s e d o n t o t h e c e n t e r , a n d t h e c u b e c a n b e m o v e d a l o n g 
t h e l i m i t i n g v a l u e w h i l e s e e k i n g a m i n i m u m o n a n o t h e r a x i s . 
I n m o s t c a s e s o f i n t e r e s t , t h e l o w e r l i m i t s i n b o t h N a n d a 
w e r e r e a c h e d a n d a m i n i m u m w a s f o u n d b y m o v i n g i n t h e K 
d i r e c t i o n . 
O c c a s i o n a l i n s t a b i l i t i e s w e r e e n c o u n t e r e d , g e n e r a l l y 
w h e r e t h e s h i f t t o b e d e t e c t e d w a s t o o s m a l l . An a r b i t r a r y 
l i m i t o f f i f t y s h i f t s w i t h o u t a s t e p s i z e r e d u c t i o n w a s i m ­
p o s e d t o d e t e c t t h e s e p o i n t s . T y p i c a l v a l u e s o f K w h e n t h e 
l i m i t w a s r e a c h e d w e r e b e t w e e n 1 0 , 0 0 0 a n d 8 0 , 0 0 0 . T y p e I 
e r r o r a a l s o t y p i c a l l y w o u l d g r o w t o l a r g e f i g u r e s n e a r o r 





1 2 . 5 
The o t h e r t w o u s e t h e t h r e e - d i m e n s i o n a l i d e n t i t y m a t r i x . 
R e s u l t s i n t h e v i c i n i t y o f t h e t w o s e t s o f p o i n t s w e r e n o t 
d i r e c t l y c o m p a r e d , b u t t h e b e h a v i o r o f t h e m o d e l was g e n ­
e r a l l y t h e s ame . The s w i t c h t o t h e i d e n t i t y m a t r i x was made 
b e c a u s e o f t h e g r e a t e r e a s e i n r e d e f i n i n g t h e p r o c e s s c o n ­
t r o l l i m i t s and t h e o u t - o f - c o n t r o l mean v e c t o r s i n t e r m s o f 
t h e v a r i a n c e s . 
A NUMERICAL STUDY OF THE COST MODEL 
G e n e r a l A p p r o a c h 
The number o f p a r a m e t e r s i n t h e m o d e l , f r o m t h e 
p o i n t o f v i e w o f a r e s e a r c h e r , i s t o o g r e a t t o p e r m i t any 
a t t e m p t a t an e x h a u s t i v e s t u d y o f a l l p o s s i b l e c o m b i n a t i o n s 
w i t h i n e v e n a s m a l l r e g i o n . S e v e r a l o p e r a t i n g p o i n t s , d e ­
f i n e d b y f i x i n g a l l 13 p a r a m e t e r s ( N Q , S , p , s , TT, X , R , 1 , 
u , A x , A 2 , A 3 , A ^ ) , w e r e t h e r e f o r e c h o s e n and t e s t s o n t h e 
s e n s i t i v i t y o f t h e m o d e l t o c h a n g e s i n t h e v a l u e s o f i n d i ­
v i d u a l p a r a m e t e r s w e r e made i n t h e v i c i n i t y o f t h e s e p o i n t s 
In a l l , f i v e s e p a r a t e o p e r a t i n g p o i n t s w e r e c h o s e n . T h r e e 
o f them u s e t h e £ m a t r i x f r o m t h e e x a m p l e p r o b l e m i n M o n t ­
g o m e r y and K l a t t ( 1 5 ) , t h a t i s 
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I n a l l , o v e r 2 2 5 e x a m p l e s w e r e r u n m a n u a l l y , a n d a 
s e t o f r u n s w a s a u t o m a t i c a l l y i n i t i a t e d t o g e n e r a t e t h e 6 2 5 
p o i n t s o f t h e c o s t t a b l e s f o u n d i n T a b l e 1 1 . 
T h e E f f e c t o f N u m b e r o f V a r i a b l e s p a n d 
A l l o w e d E r r o r o n C o m p u t e T i m e 
T h e m u l t i - d i m e n s i o n a l q u a d r a t u r e s u b r o u t i n e u s e d i n 
e v a l u a t i n g t h e m u l t i v a r i a t e n o r m a l i n t e g r a l c o n t r o l s t h e 
a l l o w a b l e e r r o r i n e a c h i n t e g r a t i o n s t e p . A t o t a l a l l o w ­
a b l e e r r o r i s p r o v i d e d t h i s r o u t i n e a s a n a r g u m e n t , a n d 
t h i s e r r o r i s a p p o r t i o n e d t o t h e i n t e r v a l s o f i n t e g r a t i o n , 
u l t i m a t e l y d e f i n i n g t h e s t e p s i z e f o r t h e i n n e r i n t e g r a t i o n s . 
I n c r e a s i n g t h e a l l o w e d e r r o r , t h e r e f o r e , i n c r e a s e s t h e s t e p 
s i z e a n d a l l o w s f a s t e r e v a l u a t i o n a t a c o s t i n a c c u r a c y . 
W h i l e t h e m a i n p r o g r a m h a s p r o v i s i o n s f o r u p t o 1 2 
q u a l i t y c h a r a c t e r i s t i c s , n o t e s t c a s e s i n v o l v i n g m o r e t h a n 
f o u r v a r i a b l e s w e r e s t u d i e d , a s t h e m u l t i v a r i a t e n o r m a l CDF 
r o u t i n e u s e d a g r e a t d e a l o f c o m p u t e r t i m e w h e n t h e n u m b e r 
o f v a r i a b l e s p w a s g r e a t e r t h a n t h r e e . T h i s c o m p u t i n g t i m e 
c o u l d b e l e s s e n e d s o m e w h a t b y r e d u c i n g t h e a l l o w e d e r r o r i n 
t h e q u a d r a t u r e r o u t i n e a s m e n t i o n e d p r e v i o u s l y , b u t t o r e ­
d u c e t h e a l l o w e d e r r o r b e l o w 1 0 " * 3 r e n d e r s t h e p r o b a b i l i t i e s 
i n t h e t a i l r e g i o n s m e a n i n g l e s s . T a b l e 2 g i v e s t h e t i m e s 
s p e n t i n t h i s r o u t i n e f o r v a r i o u s c o m b i n a t i o n s o f p a n d a l ­
l o w e d e r r o r . 
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T a b l e 2 . E f f e c t o f p and E r r o r o n Time ( S e c ) 
p 
E r r o r 
3 4 5 
. 0 0 1 5 69 1 2 0 0 * 
. 0 0 0 9 73 
. 0008 77 
. 0 0 0 7 83 
. 0 0 0 6 98 
. 0 0 0 5 110 
. 0 0 0 4 140 
. 0 0 0 3 182 
. 0 0 0 2 265 
. 0 0 0 1 10 365 
. 0 0 0 0 1 28 3 6 0 * 
*Run t e r m i n a t e d w i t h o u t s o l u t i o n 
E f f e c t s o f TT and S t a t e C o n d e n s a t i o n o n C o s t 
The e f f e c t o f t h e b i n o m i a l w e i g h t i n g p a r a m e t e r TT on 
c o s t c a n b e s e e n f r o m r u n s made a b o u t o p e r a t i n g p o i n t 2 . 
The o p e r a t i n g p o i n t s a r e l i s t e d i n A p p e n d i x 10 f o r c o m p a r i ­
s o n , b u t a r e s e t o u t i n t h e t e x t a s w e l l . O p e r a t i n g p o i n t 
2 i s d e f i n e d a s t h e p o i n t w h e r e 
p = 2 
s = 6 
N_ = 13 
2 1 
S = 1 1 2 . 5 
TT = n o t a p p l i c a b l e 
X = 1 
R = 10Q00 
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1" = (-3 . 5G1 , -3 . 5a2 ) 












2.2a 2 .2a' i 
2J 2. 8a," 3<V _2. 8'aJ L3̂J 
r̂ .4a. 2.4a 
2-1 
[1.6a. 2 . 6a( 
Table 3 shows the relationship of t  to cost. Pi obviously 
has a significant effect, with the cost increasing almost as 
fast as the numerator in tt. 
Table 3. Effect of t  on Cost 
IT 1/6 2/6 3/6 4/6 5/6 .97 
c .0585 .0973 .137 .176 .216 .251 
At the same time that these runs were made, the sug­
gestion in Montgomery, Heikes and Mance (14), that the 
several states might be condensed into one, was tested. In 
their study of the fraction defective control chart, they 
suggest that a condensed fraction defective state be defined 
as 
P = 
;̂ po,iPi 1=1 
s 
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WHERE PQ ̂  ARE THE SAME PROBABILITIES P̂  DEFINED BY KNAP­
PENBERGER AND GRANDAGE (10), Q̂  IN THIS DEVELOPMENT. THIS 
FORMULA SHOULD BE DIRECTLY TRANSFERRABLE TO MEAN VECTORS, 





WHERE y . . IS THE JTH ELEMENT OF THE MEAN VECTOR JJJ . IF THIS 
1 , J —-L 
WERE TO BE DONE BEFORE THE OPTIMAL K WAS DETERMINED, IT WOULD 
IMPLY SOME A PRIORI KNOWLEDGE OF THE PROBABILITIES Q̂  INVOLV­
ING THE PARAMETER K. THE FACTOR (L-E""XK//R) CAN BE TAKEN OUT­
SIDE THE SUMMATION IN THE NUMERATOR, HOWEVER, WHEREUPON IT 
CANCELS WITH THE DENOMINATOR, AND WE ARE LEFT* WITH AN EXPRES­
SION IN ONLY THE BINOMIAL WEIGHTS W ,̂ 
* S S TRID-TT) S ~ 1 
3 1=1 1 1 , 3 1=1 3 (1-(1-TT)S) ' 3 
THESE PROBABILITIES CAN BE ASSIGNED, SINCE THE MEAN VECTORS 
AND T  VALUE ARE KNOWN, AND THE PROGRAM WAS MADE TO COMPUTE 
THE VECTOR y_ USING THIS FORMULA IN ALL RUNS WHERE S>2. 
TABLE 4 SHOWS THE VALUE OF y_* IN EACH CASE TRIED. THE COSTS 
GIVEN ARE AS FOLLOWS: 
C0 - THE SAME C AS IN TABLE 3, THE MINIMUM C WITH 
SIX OUT-OF-CONTROL STATES. 
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C j - T h e v a l u e o f t h e c o s t f u n c t i o n w i t h a l l t h r e e 
v a r i a b l e s f r o z e n , l e t t i n g s = l a n d u s i n g 
C 2 - T h e m i n i m a l c o s t w i t h o n e o u t - o f - c o n t r o l s t a t e 
a n d u s i n g 
C 3 - T h e v a l u e o f t h e c o s t f u n c t i o n u s e d t o d e f i n e 
C 2 , w i t h a l l t h r e e v a r i a b l e s f r o z e n , l e t t i n g 
s = 6 a n d u s i n g t h e o r i g i n a l ] £ . • _ - . 
T a b l e 4 . E f f e c t o f S t a t e C o n d e n s a t i o n o n C o s t 
TT 1 / 6 2 / 6 3 / 6 4 / 6 5 / 6 . 9 7 
* 
u 
" 2 . 9 7 " 
3 . 3 2 
" 3 . 1 7 " 
3 . 5 4 
1 . 4 f 
3 . 8 1 
1 . 6 8 " 
4 . 1 1 
" 3 . 9 6 " 
4 . 4 3 
" 4 . 1 9 " 
4 . 6 9 
C o . 0 5 8 5 • 0 9 7 3 . 1 3 7 . 1 7 6 . 2 1 6 . 2 5 1 
c l • 0 1 8 4 . 0 1 9 1 . 0 2 0 0 • . 0 2 1 1 . 0 2 2 3 0 2 3 3 
0 1 6 6 . 0 1 7 6 . 0 1 8 8 . 0 2 0 1 . 0 2 1 4 0 2 2 5 
C 3 . 0 6 2 6 • 0 9 9 9 . 1 3 8 . 1 7 7 . 2 1 7 . 2 5 3 
T h e m a t c h b e t w e e n C 0 a n d C 3 i s a l m o s t e x a c t f o r 7 r > l / 2 , a n d 
w i t h i n 10% a t i t s w o r s t . T h e i n t e r p r e t a t i o n o f t h i s i s t h a t 
i f a s a m p l i n g s c h e m e i s s e l e c t e d u s i n g u_*, t h e c o s t c o m p u t e d 
w i l l b e i n c o r r e c t , b u t t h e v a l u e s o f t h e o t h e r p a r a m e t e r s , 
N , a a n d K , w h e n u s e d t o e v a l u a t e t h e c o s t f u n c t i o n o n t h e 
s u r f a c e d e f i n e d b y t h e t r u e s i t u a t i o n o f s i x o u t - o f - c o n t r o l 
s t a t e s , w i l l g i v e a v a l u e v e r y c l o s e t o t h e t r u e m i n i m u m . 
T h u s t h e s t a t e - c o n d e n s a t i o n i d e a o f M o n t g o m e r y , H e i k e s a n d 
M a n c e s e e m s t o b e v a l i d i n t h e c a s e o f t h e T 2 c h a r t m o d e l 
a l s o . 
Effects of N and g on Cost 
The effect of all model parameters and problem val­
ues on the optimal size of N was negligible. All test 
problems produced cost minima at the minimum alowable N, 
the value p+3, except for the six out-of-control state 
case with tt=1/6 and it=2/6, where N was p+5 and p+4 respec­
tively. Even divergent cases gave a minimal N. The effect 
of N on cost near operating point 5 can be seen in Table 5 
below. Operating point 5 is defined as the point where 
p 3 
s 3 
N a = 25 
S 
TT = 1/3 
X = 1 
R 10000 
1" = (-3.5, -3.5,-3.5) 
u (3.5,3 .5,3.5) 
0 2 2.5 
1 1 
tl 0 2 2.5 3 0 r 2 f 2.5 r _ 3 _ 
A = 1 
i 
A = .1 
2 
A = 100 
5 1 
T a b l e 5 . E f f e c t o f N o n C o s t 
N 6 CO
 
1 0 1 5 25 5 0 1 0 0 
C . 1 0 8 . 1 0 9 . 1 1 0 . 1 1 2 . 1 1 6 . 1 2 7 . 1 4 9 
W i t h R , t h e r a t e o f p r o d u c t i o n , s e t a t 1 0 , 0 0 0 i t e m s p e r h o u r , 
an i n c r e a s e o f N f r o m 6 t o 1 0 c o s t s a n a d d i t i o n a l $ 2 0 . p e r 
h o u r , o r a b o u t a 2% i n c r e a s e . An i n c r e a s e t o 1 5 , s t i l l a 
r e a s o n a b l e v a l u e , d o u b l e s t h i s i n c r e a s e . T h e b e h a v i o r t h a t 
l e a d s t o a m i n i m a l N i n a l m o s t a l l c a s e s c a n b e s e e n , b u t 
t h e e f f e c t o f s a m p l i n g u s i n g a s l i g h t l y l a r g e r v a l u e f o r N 
w o u l d p r o b a b l y b e t o l e r a b l e . 
T h e o p t i m a l v a l u e o f a w a s a l w a y s m i n i m a l ( i . e . , 
. 0 0 1 ) e x c e p t i n a f e w d i v e r g e n t c a s e s . A g a i n w o r k i n g f r o m 
o p e r a t i n g p o i n t 5 , t h e e f f e c t o f a o n c o s t , g i v e n b y n o n -
i t e r a t i v e r u n s , c a n b e s e e n i n T a b l e 6 . 
T a b l e 6 . E f f e c t o f a o n C o s t 
a . 0 0 1 . 0 0 5 . 0 1 . 0 5 
C . 1 0 8 . 1 0 9 . 1 1 2 . 1 2 9 
S e l e c t i o n o f t o o l a r g e a n a m e r e l y b e c a u s e i t i s a n o f t e n 
u s e d f i g u r e , s u c h a s . 0 5 , c a n b e c o s t l y . S e l e c t i n g a = . 0 5 
a d d s 20% t o t h e c o s t . 
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E f f e c t o f K o n C o s t 
T h e e f f e c t o f t h e i n t e r v a l b e t w e e n s a m p l e s K o n c o s t 
w a s s t u d i e d a r o u n d t h e p r e v i o u s l y d e f i n e d o p e r a t i n g p o i n t 5 , 
w h e r e p = 3 , s = 3 , S = i 3 / a n d a l l o t h e r p a r a m e t e r s a r e a s p r e ­
v i o u s l y s p e c i f i e d . T h e r e s u l t s o f t h e s t u d y c a n b e s e e n i n 
T a b l e 7 . K , u n l i k e N a n d a , g a v e a m i n i m a l c o s t a t s o m e 
v a l u e b e t w e e n t h e s m a l l e s t a n d l a r g e s t a l l o w a b l e v a l u e s i n 
a l l c o n v e r g e n t c a s e s . A s i s o b v i o u s f r o m t h e t a b l e , t h e 
c o s t s u r f a c e i s v e r y n e a r l y f l a t i n t h e K d i r e c t i o n . 
T a b l e 7 . E f f e c t o f K o n C o s t 
K 5 0 2 2 9 3 0 0 1 0 0 0 5 0 0 0 
C . 1 2 9 . 1 0 8 . 1 0 8 . 1 2 5 . 2 0 3 
E f f e c t o f N<j o n C o s t a n d o n T 2 
T h e e f f e c t o f N a w a s c h e c k e d a t v a r i o u s v a l u e s a r o u n d 
t h a t u s e d a t o p e r a t i n g p o i n t 2 f o r t h e s t u d i e s o f tt , w h i c h 
w a s N a = 1 3 , a n d a l s o a r o u n d t h a t u s e d a t o p e r a t i n g p o i n t 5 
f o r a l l l a t e r s t u d i e s , w h i c h w a s N a = 2 5 . T h e v a l u e o f N a , 
t h e p r e l i m i n a r y s a m p l e s i z e u s e d t o d e r i v e S , t h e e s t i m a t o r 
o f £ , h a d a l m o s t n o e f f e c t o n c o s t . T h e p r i n c i p a l e f f e c t 
o f i n c r e a s i n g N w a s t o l o w e r t h e T 2 t o l e r a n c e a s s h o w n i n 
a 
T a b l e 8 . T h i s s a y s , i n e f f e c t , t h a t t h e m o r e w e k n o w a b o u t 
t h e v a r i a n c e , t h e s m a l l e r a c h a n g e i n t h e s a m p l e m e a n n e e d 
b e t o b e s i g n i f i c a n t . A g a i n , t h e t a b l e w a s p r e p a r e d b y 
s e a r c h i n g i n t h e n e i g h b o r h o o d o f o p e r a t i n g p o i n t 5 , w h e r e 
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p=3, s=3, and J3=I 
Table 8. Effect of Na on Cost and on T2 
13 20 25 30 
C .108 .108 .108 .108 
ct .001 .001 .001 .001 
T2 46.6 29.6 25.8 23.7 
Effect of S on Cost 
Like Â  , the cost of producing a defective, S is 
very difficult to estimate. Even if the variances are wel 
known, the covariances often are not. An indication that 
the model is insensitive to changes in S would be very im­
portant. As it turns out, the cost is almost totally in­
sensitive to variations in S because of the flatness of the 
cost surface in the K direction. The four examples shown 
in Table 9 were run with p=3 about operating point 5 (p=3, 
s=3, §z=I3) and with covariance matrices of §j=I3, j|2 =. 513 , " 1 .5 .5~ .5 1 0 _.5 0 1_ 
The values shown are the minimal K and cost using the vari­
ous matrices as if they were incorrect estimates (C,), and 
the true cost using the minimal K and the 1̂  matrix in a 
single point evaluation (C2). 
and 
5 4 




i i Hz £ 3 
K 2 2 9 3 4 7 1 8 4 2 4 7 
. 1 0 8 . 0 6 9 7 . 1 7 6 . 0 9 4 9 
. 1 0 9 . 1 0 8 . 1 0 8 
E f f e c t o f t h e M o d e l P a r a m e t e r s o n C o s t 
T h e m o d e l p a r a m e t e r s A 1 , A 2 , A 3 a n d A^ w e r e v a r i e d 
i n d i v i d u a l l y b y ± 1 0 % , a n d a g a i n b y ± 5 0 % , g i v i n g , w i t h t h e 
c e n t r a l p o i n t , a t o t a l o f 1 7 p o i n t s o n f o u r a x e s t h r o u g h 
t h e c e n t r a l p o i n t o f A ^ l , A 2 = . l , A 3 = 1 0 0 a n d A ^ = l . T h e o p ­
t i m a l c o s t s f o r t h e v a l u e s o f t h e A ' s w e r e e v a l u a t e d a t 
o p e r a t i n g p o i n t 5 , w h e r e p = 3 , s = 3 , & = £ 3 / a n d o t h e r p a r a m ­
e t e r s a s w e l l r e m a i n u n c h a n g e d . T h e r e s u l t i n g T a b l e 1 0 
g i v e s a b r i e f i d e a o f t h e b e h a v i o r o f t h e c o s t s u r f a c e i n 
r e s p o n s e t o c h a n g e s i n t h e A ' s . A m u c h m o r e c o m p r e h e n s i v e 
s t u d y w a s c o n d u c t e d i n v o l v i n g t h e c o m p u t a t i o n o f t h e o p t i ­
m a l c o s t s a t a l l 6 2 5 p o i n t s o n t h e f o u r d i m e n s i o n a l g r i d 
d e f i n e d b y s u c c e s s i v e l y m u l t i p l y i n g a l l m o d e l p a r a m e t e r s 
b y t h e f i v e f a c t o r s . 5 , 1 . , 1 . 5 , 2 . a n d 5 . T h e r e s u l t s 
a p p e a r i n T a b l e 1 1 . 
T h e a b b r e v i a t e d d a t a i n T a b l e 1 0 s h o w t h e c o s t t o 
b e f a i r l y r o b u s t t o c h a n g e s i n A 1 , A 2 a n d A 3 , b u t c h a n g e s 
i n c o s t a r e a l m o s t e q u a l i n p r o p o r t i o n t o c h a n g e s i n Ah. 
T h i s i s u n f o r t u n a t e , s i n c e A 4 i s p r o b a b l y t h e h a r d e s t o f 
5 5 
T a b l e 1 0 . E f f e c t o f M o d e l P a r a m e t e r s o n C o s t 
V a r y / B y - 5 0 % - 1 0 % 0 + 1 0 % + 50% 
A i . 1 0 5 . 1 0 7 . 1 0 8 . 1 0 8 . 1 1 0 
A 2 . 1 0 6 . 1 0 8 . 1 0 8 . 1 0 8 . 1 0 9 
A 3 . 1 0 3 . 1 0 7 . 1 0 8 . 1 0 9 . 1 1 3 
A , . 0 6 1 8 . 0 9 8 7 . 1 0 8 . 1 1 7 . 1 5 3 
t h e f o u r c o s t s t o e s t i m a t e i n m a n y c a s e s . G o o d v a l u e s c o u l d 
p r o b a b l y b e d e r i v e d i n o t h e r s i t u a t i o n s , h o w e v e r , s u c h a s 
t h a t o f a c u s t o m e r w h o p e r f o r m s s a m p l i n g i n s p e c t i o n o f r e ­
c e i v e d i t e m s , w i t h s p e c i f i e d c o n t r a c t u a l p e n a l t i e s f o r l o t 
n o n c o n f o r m a n c e t o s t a n d a r d . I n a n y c a s e , t h o u g h , t h e e s t i ­
m a t i o n o f A^ i s a n i m p o r t a n t m a t t e r . 
A l l t e s t s w e r e r u n w i t h t h e c o s t s d e f i n e d a s a t o p e r ­
a t i n g p o i n t 5 , i . e . , 
A 2 = . 1 
A 3 = 1 
A,, = 1 0 0 
I n v a r y i n g t h e A ^ t o t e s t t h e m o d e l ' s s e n s i t i v i t y , t h e s e 
v a l u e s w e r e v a r i e d b y n o m o r e t h a n a f a c t o r o f f i v e . T o 
s e e i f t h e m o d e l w a s s t i l l w e l l - b e h a v e d i n m o r e d i s t a n t 
r e g i o n s o f t h e d o m a i n , o n e r u n w a s m a d e a t o p e r a t i n g p o i n t 
5 , b u t w i t h t h e c o s t s a s f o l l o w s : 
Al = 5 0 0 
A 2 = 1 
A 3 = 2 5 
A,, = 2 5 0 0 
T a b l e 1 1 . E f f e c t o f E s t i m a t e d P r o c e s s C o s t s o n 
T o t a l C o s t a n d S a m p l e S p a c i n g 
COST A1 = 0 . 5 
COSTS 
A4: 0 . 5 ! 1. 0 ! 1. 2 . 0 ! 5 . 0 ! 
A2 A3 K COST ! K COST ! K COST ! K COST ! .< COST ! 
50 ! 229 .053 ! 162 .098 ! 135 . 1 4 2 ! 113 . 186 ! 70 . 443 ! 
100 ! 238 .059 ! 168 . 104 ! 135 .148 ! 117 .191 ! 70 .449 ! 
. 05 150 ! 247 .064 ! 175 .109 ! 141 .153 ! 120 .197 ! 76 .455 ! 
200 ! 258 .069 ! 178 .114 ! 141 .158 ! 125 .202 ! 76 . 460 ! 
500 ! 309 .099 ! 206 .145 ! 168 . 190 ! 141 .234 ! 35 .494 ! 
50 ! 270 .055 ! 191 .100 ! 153 .144 ! 135 . 188 ! 85 .447 ! 
100 ! 276 .060 ! 194 .105 ! 156 . 150 ! 135 . 194 ! 85 .453 ! 
. 1 0 150 ! 282 .065 ! 198 .111 ! 159 .155 ! 137 .199 ! 85 .458 ! 
200 ! 293 .070 ! 202 .116 ! 162 .160 ! 141 .204 ! 85 .464 ! 
500 ! 344 .101 . 229 .147 ! 189 . 1 9 2 ! 159 .236 ! 100 .497 ! 
50 ! 303 .056 ! 212 . 1 0 2 ! 175 .146 ! 150 .190 ! 94 .451 ! 
100 ! 309 .061 216 .107 ! 178 . 1 5 2 . 153 .196 ! 94 .456 ! LO 150 ! 321 .066 223 .112 181 .157 . 153 .201 ! 98 . 4 6 2 ! 
200 ! 327 .071 . 225 .117 184 . 1 6 2 156 .206 ! 100 .467 ! 
500 ! 377 . 1 0 2 ! 250 .148 202 .193 . 175 .238 ! 110 .500 ! 
50 ! 334 .057 ! 233 . 103 ! 191 .148 ! 162 . 1 9 2 ! 103 .454 ! 
100 ! 340 . 0 6 2 ! 238 .108 ! 194 .153 ! 168 .198 ! 103 .459 ! 
. 2 0 150 ! 351 .067 ! 242 .113 ! 196 .158 ! 168 .203 ! 103 . 465 ! 
200 ! 356 .072 ! 246 .118 ! 199 .164 ! 175 .208 . 110 .470 ! 
500 ! 409 . 1 0 2 ! 272 .149 ! 216 .195 ! 184 .239 . 115 . 503 ! 
50 ! 482 .061 ! 334 .109 ! 272 .156 ! 236 .201 147 .468 ! 
100 ! 491 .066 ! 337 .114 ! 273 .161 ! 238 .207 150 .473 ! 
. 5 0 150 ! 497 .071 ! 344 .120 ! 276 .166 ! 238 . 2 1 2 150 .479 ! 
200 ! 505 .076 ! 347 .125 ! 282 .171 ! 242 .217 . 150 .484 ! 
500 ! 555 .106 ! 370 .155 ! 296 . 2 0 2 ! 254 .243 ! 156 .516 ! 
Table 11. (Continued) 
COST A1 = 1.0 
COSTS A4: ! 0. 5 ! 1. 0 ! 1. 5 ! 2.0 ! 5. 0 ! A2 A3 ! X COST ! K COST ! K COST ! K COST ! K COST ! 
50 ! 291 .055 ! 202 .101 ! 168 .146 ! 141 .190 ! 92 .450 ! 
100 ! 299 .060 ! 210 .106 ! 168 .151 ! 147 .195 ! 94 .455 ! .05 150 ! 308 .066 ! 212 .112 ! 175 .156 ! 150 .200 ! 94 .461 ! 200 ! 315 .071 ! 216 .117 ! 178 .161 ! 153 .206 ! 94 .466 ! 500 ! 368 .101 ! 246 .148 ! 196 .193 ! 168 .237 ! 103 .499 ! 
50 ! 323 .056 ! 225 .103 ! 184 .147 ! 159 .192 ! 102 .453 ! 
100 ! 330 .061 ! 229 .108 ! 184 .153 ! 162 .197 ! 103 .458 ! .10 150 ! 340 .066 ! 236 .113 ! 191 .158 ! 162 .202 ! 103 .464 ! 200 ! 347 .072 ! 233 .118 ! 194 .163 ! 168 .208 ! 103 .469 ! 500 ! 398 .102 . 264 .149 ! 212 .194 ! 184 .239 ! 113 .502 ! 
50 ! 353 .057 247 .104 ! 199 .149 ! 175 .194 ! 110 .456 ! 
100 ! 360 .062 . 250 .109 ! 202 .154 ! 178 .199 ! 113 .461 ! 150 ! 368 .067 254 .114 . 206 .159 ! 173 .204 ! 113 .466 ! 200 ! 377 .072 258 .119 210 .165 ! 181 .209 ! 113 .472 ! 500 ! 426 .103 282 .150 229 .196 ! 196 .241 ! 121 .504 ! 
50 ! 380 .058 ! 264 .105 216 .150 189 .195 ! 117 .458 ! 
100 ! 388 .063 ! 270 .110 216 .156 191 .200 118 .464 ! .20 150 ! 395 .063 ! 273 .115 ! 223 .161 191 .206 118 .469 ! 200 ! 402 .073 ! 276 .120 ! 223 .166 194 .211 120 .474 ! 500 ! 454 .104 ! 303 .151 ! 242 .197 ! 206 .242 128 .507 ! 
50 ! 516 .062 ! 353 .111 ! 291 .158 ! 250 .203 156 .471 ! 
100 ! 523 .067 ! 360 .116 ! 293 .163 ! 254 .209 ! 159 .477 ! .50 150 ! 533 .072 ! 368 .121 ! 296 .168 ! 254 .214 ! 159 .482 ! 200 ! 541 .077 ! 370 .126 ! 298 .173 ! 258 .219 ! 159 .487 i 500 ! 591 .107 i 391 .156 ! 315 .203 ! 270 .250 ! 168 .519 ! 
Table 11 . (Continued) 
COST A1 = 1.5 
COSTS A4: ! 0. 5 ! 1. 0 j 1. 5 ! 2. 0 ! 5. 0 ! A2 A3 ! K COST ! K COST ! K COST ! K COST ! K COST ! 
50 ! 344 .057 . 238 103 ! 194 .148 ! 168 .193 ! 103 .455 ! 
100 ! 351 .062 ! 244 109 ! 198 .154 ! 168 .198 ! 103 .460 ! .05 150 ! 360 .067 247 114 201 .159 . 175 .203 ! 110 .466 ! 200 ! 368 .072 1 252 119 206 .164 ! 178 .209 ! 113 .471 ! 500 ! 416 .103 276 • 150 223 .195 ! 191 .240 ! 113 .503 ! 
50 ! 372 .058 258 105 210 .150 181 .195 ! 113 .457 ! 
100 ! 379 .063 264 110 212 .155 184 .200 ! 115 .463 ! .10 150 ! 338 .068 268 115 216 .160 184 .205 ! 117 .468 ! 200 ! 395 .073 272 120 223 .166 191 .210 ! 118 .474 ! 500 ! 444 .103 ! 296 • 151 238 .196 202 .242 ! 128 .506 ! 
50 ! 400 .059 276 106 225 .151 194 .196 ! 121 .460 ! 
100 ! 405 .064 ! 282 111 229 .157 196 .201 ! 125 .465 ! .15 150 ! 412 .069 ! 282 116 ' 229 .162 199 .207 ! 125 .471 ! 200 ! 420 .074 . 291 121 . 233 .167 201 .212 ! 125 .476 ! 500 ! 468 .104 ! 315 •152 ! 250 .198 216 .243 ! 135 .508 ! 
50 ! 422 .059 ! 293 107 238 .153 206 .198 ! 128 .462 ! 
100 ! 430 .064 ! 298 112 242 .158 210 .203 ! 128 .468 « .20 150 ! 436 .069 ! 303 117 244 .163 210 .208 ! 135 .473 ! 200 ! 444 .074 ! 306 122 247 .168 212 .213 ! 135 .473 ! 500 ! 494 .105 ! 330 •153 264 .199 225 .244 ! 141 .510 ! 
50 ! 547 .063 ! 382 112 308 .159 264 .205 ! 168 .475 ! 
100 ! 555 .068 ! 385 117 309 .164 268 .211 ! 168 .480 ! .50 150 ! 564 .073 ! 388 122 ! 315 .169 270 .216 ! 168 .485 ! 200 ! 574 .078 ! 391 127 ! 315 .174 272 .221 ! 168 .490 ! 500 ! 627 .108 ! 416 • 157 ! 334 .205 282 .251 ! 173 .522 ! 
T a b l e 1 1 . ( C o n t i n u e d ) 
COST A1 = 2 . 0 
COSTS 
A4: ! 0 . 5 ! 1. 0 I 1. Ul
 
2 . 0 ! 
LP. 0 ! 
A2 A3 ! :< COST ! K COST ! K COST ! K COST ! K COST ! 
50 ! 388 .058 ! 270 I05 ! 223 .151 ! 191 .196 ! 118 .459 ! 
100 i 393 .063 ! 275 111 ! 223 .156 ! 194 .201 ! 120 .464 » 
. 05 150 ! 405 .068 ! 280 # 116 ! 225 .161 ! 194 .206 ! 121 .470 ! 
200 ! 412 .073 ! 282 121 ! 229 . 166 ! 198 .211 ! 125 .475 ! 
500 ! 461 . 104 ! 308 • 151 i 247 . 197 ! 210 . 2 4 2 ! 135 . 507 ! 
50 ! 412 .059 ! 291 107 ! 234 .152 ! 202 .197 ! 128 .462 ! 
100 ! 422 .064 ! 291 112 ! 233 . 157 ! 202 . 2 0 2 ! 125 .467 ! 
. 1 0 150 ! 430 .069 ! 296 117 ! 238 .163 I 206 .208 ! 128 . 4 7 2 ! 
200 ! 436 .074 ! 299 122 ! 242 .168 ! 210 .213 ! 128 .473 ! 
500 ! 487 .104 ! 323 • 152 ! 261 .198 ! 223 .244 ! 137 .510 ! 
50 ! 436 .060 ! 305 108 ! 247 .153 ! 212 .199 ! 135 .464 ! 
100 ! 444 .065 ! 308 113 I 250 .159 ! 216 .204 . 135 .469 ! 
. 1 5 150 ! 454 .070 ! 313 118 ! 254 .164 ! 216 .209 ! 135 . 475 ! 
200 ! 461 .075 ! 315 # 123 ! 254 .169 ! 223 .214 ! 137 .480 ! 
500 ! 511 .105 ! 340 • 153 ! 272 .200 ! 233 .245 .! 147 . 5 1 2 ! 
50 ! 461 .060 ! 321 108 ! 261 .155 ! 223 .200 . 141 .466 ! 
100 ! 468 . 065 ! 323 114 ! 261 . 1 6 0 ! 225 .205 ! 141 .471 
. 2 0 150 ! 476 .070 ! 327 119 ! 264 .165 ! 229 .210 . 141 . 4 7 7 ! 
200 ! 482 . 075 ! 330 124 ! 268 .170 ! 229 .216 143 . 4 8 2 ! 
500 ! 533 .106 ! 355 • 154 ! 282 .201 ! 244 .246 150 .514 ! 
50 ! 573 .064 ! 400 113 ! 323 .161 ! 282 .207 173 .477 ! 
100 ! 589 .069 ! 405 118 ! 327 .166 ! 282 . 2 1 2 . 178 .483 ! 
. 50 150 ! 597 .074 ! 409 m 124 ! 330 .171 ! 282 .217 178 .488 ! 
200 ! 604 .079 ! 412 129 ! 334 .176 ! 287 .223 181 .493 ! 
500 ! 653 .109 ! 436 • 159 ! 347 .206 ! 293 .253 184 .524 ! 
T a b l e 1 1 . ( C o n t i n u e d ) 
COST A1 r 5 . 0 
COSTS 
A4: ! 0 . 5 1. 0 1. 5 2 . 0 ' 5 . 0 ! 
A2 A3 ! X COST K COST X COST X COST ! X COST ! 
50 ! 597 .064 416 .114 334 . 1 6 2 291 .208 . 181 .479 i 
100 ! 604 .069 . 418 .119 337 .167 . 291 .213 . 181 .484 ! 
. 05 150 ! 615 .074 422 .124 340 .172 293 .213 . 184 .490 ! 
200 ! 622 .079 426 .129 344 .177 295 .224 134 .495 ! 
500 ! 673 .109 447 .159 353 .207 306 .254 191 .526 ! 
50 ! 616 .065 426 .115 344 . 163 298 .209 139 .481 ! 
100 I 624 .070 430 .120 347 .168 299 .214 184 .486 ! 
. 1 0 150 ! 631 .075 433 .125 351 .173 301 .219 191 .491 ! 
200 ! 639 .080 436 .130 353 .173 303 .225 191 .496 ! 
500 ! 698 .110 461 .160 368 .208 315 .255 194 .528 ! 
50 ! 631 . 065 436 .116 . 353 .163 . S06 .210 . 191 . 4 3 2 ! 
100 ! 639 .070 . 441 .121 . 356 .169 . 306 .215 194 .488 ! 
. 15 150 ! 651 .075 444 .126 ! 360 .174 . 309 .220 194 .493 ! 
200 ! 658 . 0 8 0 . 447 .131 ! 360 .179 . 309 .226 194 .498 ! 
500 ! 714 .110 472 .161 . 377 .209 . 323 . 256 199 .529 ! 
50 ! 651 .066 . 451 .116 364 .164 315 .211 196 .484 ! 
100 ! 653 .071 454 .121 368 .169 315 .216 196 .489 ! 
. 2 0 150 ! 666 .076 458 .126 368 .174 . 315 .221 198 .494 ! 
200 ! 674 .081 461 .131 . 372 .179 321 .226 199 .499 ! 
500 ! 733 .110 482 .161 385 .210 330 .257 204 .531 ! 
50 ! 742 .068 513 .120 416 .169 356 .217 223 . 4 9 2 ! 
100 ! 751 .073 516 .125 416 .174 358 . 2 2 2 223 .498 ! 
. 5 0 150 ! 760 .078 521 .130 418 .179 360 .227 225 .503 ! 
200 ! 769 .083 523 .135 422 .184 360 . 2 3 2 225 .508 ! 
500 ! 333 .113 547 . 165 436 .214 373 . 2 6 2 229 .539 ! 
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T h i s r e s u l t e d i n a m i n i m a l c o s t o f $ 2 2 0 . 0 0 p e r u n i t , a n 
a s s o c i a t e d N o f 6 ( s t i l l m i n i m a l ) , a n d a n a o f . 0 0 6 w h i c h , 
w h i l e f i n a l l y n o n - m i n i m a l i n a c o n v e r g e n t c a s e , s t i l l i s 
v e r y s m a l l . 
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CHAPTER V 
SUMMARY OF RESULTS AND RECOMMENDATIONS 
S u m m a r y o f R e s u l t s 
A c o m p u t e r p r o g r a m w a s d e v e l o p e d w h i c h c a n s e r v e b o t h 
a s a t o o l t o s t u d y t h e m u l t i v a r i a t e m u l t i s t a t e m o d e l a n d 
i t s b e h a v i o r , a n d a s a m e a n s f o r p r a c t i t i o n e r s t o f i n d a 
l e a s t - c o s t s o l u t i o n t o t h e i r r e a l w o r l d p r o b l e m s i n c o n ­
t r o l l i n g t h e m e a n v e c t o r o f a m u l t i v a r i a t e n o r m a l p r o c e s s . 
T h e p r o g r a m h a s b e e n u s e d t o m a k e n u m e r i c a l s t u d i e s o f t h e 
o b j e c t i v e f u n c t i o n a n d o f t h e s e n s i t i v i t y o f i t s v a l u e t o 
m o s t o f t h e p a r a m e t e r s o f t h e s y s t e m . 
T h e s e n u m e r i c a l s t u d i e s h a v e r e v e a l e d a n o b j e c t i v e 
f u n c t i o n o f v e r y g e n t l e c u r v a t u r e a n d s l o p e w i t h i n t h e r e ­
g i o n s t u d i e d . T h e v a l u e o f t h e c o s t f u n c t i o n i s n o t 
s t r o n g l y s e n s i t i v e t o a n y t h i n g e x c e p t t h e c o s t A ^ , t h e c o s t 
o f p r o d u c i n g a d e f e c t i v e . 
R e c o m m e n d a t i o n s 
R e c o m m e n d a t i o n s f o r f u r t h e r w o r k h a v e g e n e r a l l y b e e n 
m e n t i o n e d a s t h e y o c c u r r e d i n t h e t e x t . T h e y a r e r e p e a t e d 
h e r e w i t h s o m e a m p l i f i c a t i o n . 
S t a t e D e f i n i t i o n 
T h e p r o b l e m o f d e f i n i n g a n o r d e r e d s u c c e s s i o n o f 
s t a t e s , p a r t i c u l a r l y w h e n v a r i a t i o n s b o t h a b o v e a n d b e l o w 
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o n e o r m o r e o f t h e m e a n v a l u e s c a n b e e x p e c t e d , s h o u l d b e 
s t u d i e d m o r e f u l l y . T h e d e v e l o p m e n t o f t h e $_ v e c t o r d e ­
p e n d s u p o n t h e a s s u m p t i o n o f n o s p o n t a n e o u s c o r r e c t i o n , a n d 
o n e a p p r o a c h m i g h t b e t o s t u d y t h e s e n s i t i v i t y o f 3̂  t o t h i s 
a s s u m p t i o n . F u r t h e r s t u d y m i g h t a l s o d e f i n e a c o n d e n s e d 
s t a t e f o r m u l a t h a t w o u l d y i e l d t h e s a m e m i n i m u m p o i n t , o r a 
p o i n t c l o s e t o t h e s a m e m i n i m a l p o i n t , a s w o u l d b e g i v e n b y 
t h e f u l l s t a t e c o m p l e m e n t . A l t e r n a t i v e l y , a r i g o r o u s d e f i ­
n i t i o n o f s t a t e a n d a t e c h n i q u e o f s t a t e d e f i n i t i o n o r 
s t a t e g r o u p i n g w h i c h c a n b e e x p l a i n e d t o u s e r s o r , b e t t e r , 
i n c o r p o r a t e d i n t o t h e p r o g r a m , w o u l d b e h e l p f u l . 
D e p e n d e n c e o n N a n d a 
An a n a l y s i s o f t h e m a t h e m a t i c a l m o d e l o u g h t t o b e m a d e 
t o s e e i f i t i s i n d e e d m o n o t o n i c a l l y i n c r e a s i n g w i t h N a n d a 
w i t h i n a p o r t i o n o f t h e d o m a i n o f c o n v e r g e n c e . S u c h a s t u d y 
m i g h t p o i n t u p e r r o r s i n t h e m o d e l , o r w a y s t o i m p r o v e i t . 
T h e i d e a o f a m i n i m a l N i n a l l c a s e s d o e s n o t h a v e m u c h i n ­
t u i t i v e a p p e a l . 
U s i n g t h e c u r r e n t m o d e l , t e s t s w i t h l a r g e r e x p e c t e d 
c o s t s m i g h t b e r u n t o o b s e r v e t h e b e h a v i o r o f t h e m i n i m u m 
c o s t a . I t w o u l d b e o f v a l u e t o d e t e r m i n e w h a t s o r t s o f 
c o s t s g i v e r i s e t o m o r e r e a s o n a b l e v a l u e s o f a , i n t h e 
n e i g h b o r h o o d o f a = . 0 1 t o a = . 1 0 
S e a r c h T e c h n i q u e 
I t i s q u i t e l i k e l y t h a t i n a r e a l - w o r l d i m p l e m e n t a ­
t i o n o f t h i s m o d e l i t w i l l b e u s e d i n s l o w e r m a c h i n e s t h a n 
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t h e H o n e y w e l l 6 6 / 4 0 . T h e s t e p s i z e a l g o r i t h m m i g h t b e a 
c a n d i d a t e f o r i m p r o v e m e n t , p a r t i c u l a r l y w i t h r e g a r d t o i n ­
c r e a s e s i n s t e p s i z e u n d e r c e r t a i n c o n d i t i o n s . T h e s e a r c h 
a l g o r i t h m i t s e l f m i g h t b e a l t e r e d , b u t g r a d i e n t s e a r c h 
t e c h n i q u e s w i l l p r o b a b l y n o t p r o v e t o o u s e f u l b e c a u s e o f 
t h e i m p o s s i b i l i t y o f n o r m a l i z i n g t h e u n i t s o f m e a s u r e o f 
N , K , a n d a . 
P r o g r a m S i z e 
P r o g r a m s i z e d e p e n d s o n t h e m a c h i n e b e i n g u s e d . On 
t h e 6 6 / 4 0 t h i s p r o g r a m u s e d a b o u t 16K w o r d s , o r 64K b y t e s . 
T h e b e s t p o s s i b l i t y o f r e d u c i n g s t o r a g e r e q u i r e m e n t s i s t o 
s t u d y t h e MDQUAD r o u t i n e s u p p l i e d w i t h M i l t o n ' s p r o g r a m ( 1 2 ) 
t o d e t e r m i n e w h e t h e r t h e s i z e o f t h e 5 0 0 0 - w o r d w o r k v e c t o r 
d e f i n e d w i t h i n i t c a n b e r e d u c e d o r m a d e d e p e n d e n t o n p . 
F u r t h e r A n a l y s i s o f t h e C o s t A u 
F u r t h e r s t u d i e s o f t h e s e n s i t i v i t y o f t h e m o d e l t o 
c h a n g e s i n t h e r a t i o o f A^ t o t h e o t h e r c o s t s m i g h t p r o v e 
f r u i t f u l . M o d i f i c a t i o n s o f t h e m o d e l t o p r o v i d e f o r d i f ­
f e r e n t A^ t y p e c o s t s f o r d i f f e r e n t o u t - o f - c o n t r o l v a r i a b l e s 
m i g h t a l s o b e r e a s o n a b l e . A s a n i n s t a n c e , i n t e s t i n g p a c k ­
a g e d f o o d s , t h e m e a n w e i g h t a n d m e a n S a l m o n e l l a c o n t e n t 
s u r e l y w o u l d i n v o l v e A^ c o s t s o u t o f a l l p r o p o r t i o n t o e a c h 
o t h e r . 
R e a l - W o r l d E x a m p l e s 
T h e s t r o n g e s t r e c o m m e n d a t i o n t o b e m a d e i s t h a t t h i s 
m o d e l b e u t i l i z e d a n d s t u d i e d w i t h r e a l - w o r l d e x a m p l e s . 
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C h o o s i n g o p e r a t i n g p o i n t s a n d c o s t s i n t h i s s t u d y h a d n o 
b a s i s i n e x p e r i e n c e . T h e y w e r e d e f i n e d a r b i t r a r i l y , s i m p l y 
b e s e l e c t i n g p o i n t s w h i c h i t w a s f e l t w e r e r e a s o n a b l e , a n d 
w h i c h p r o d u c e d c o n v e r g e n t r e s u l t s . A r e a l - w o r l d a p p l i c a ­
t i o n w o u l d l e n d g r e a t a u t h o r i t y t o t h i s a n a l y s i s a n d s e n s i ­
t i v i t y s t u d y . 
APPENDICES 
A p p e n d i x 1. E x a m p l e Run 
*RUN 
ENTER NUMBER OF VARIABLES AND NUMBER OF OUT-OF-CONTROL STATES 
=2,1 
ENTER THE LIMITING VALUES OF 
SAMPLE SIZE ' H ' 
=5,25 
NUMBER BETWEEN SAMPLES ' K ' 
=5,500 
TYPE 1 ERROR 'ALPHA' 
=.001,.1 
ENTER 2 DIMENSIONAL L AND U SPECIFICATION VECTORS 
=-4 , -4 
=4,4 
ENTER 2 DIMENSIONAL IN-CONTROL MEAN VECTOR 
=0,0 
FOR THE 1 STATES, ENTER THE 2 DIMENSIONAL MEAN VECTORS 
STATE 1 
=5 , 6 
ARE YOU ENTERING THE S (S) OR S INVERSE (SI ) MATRIX?? 
=S 
ENTER THE SAMPLE SIZE USED IN ESTIMATING 
THE COVARIANCE MATRIX 
= 13 
ENTER THE S MATRIX 
=2,1 
=1,2.5 
A p p e n d i x 1. ( C o n t i n u e d ) 
ENTER THE TRIAL COST VALUES 
= . 0 0 1 , . 0 0 0 1 , . 0 1 , 1 
ENTER THE MEAN TIME TO SHIFT (IN HOURS), 
AND UNITS P£R HOUR PRODUCED 
=1 ,10000 
ESTIMATED COSTS AFTER 7 ITERATIONS: 
FIXED COST PER SAMPLE $ 0 .001 
INSPECTION COST PER UNIT $ 0 . 0 0 0 
AVERAGE COST OF REPAIR $ 0 . 0 1 0 




FOR BAD PRODUCT 
COST PER UNIT 
SAMPLE SIZE 
SAMPLE INTERVAL 
TYPE I ERROR 
T-SQUARED VALUE 
$ 0 . 2 5 0 E - 0 3 
$ 0 .267E-05 
$ 0 .159E-01 
$ 0 . 1 6 1 2 - 0 1 
5 
6 
0 . 1 0 0 % 
30.son 
A p p e n d i x 2 . C o m p a r i s o n o f U n i v a r i a t e N o r m a l CDF V a l u e s 
z 0 1 2 3 4 5 6 7 8 9 
-3 .0 0013 0010 0007 0005 0003 0002 0002 0001 0001 0000 
-2.9 0019 0013 0013 0017 0016 0016 0015 0015 0014 0014 
-2.3 0026 0025 0024 0023 0023 0022 0021 0021 0020 0019 
-2.7 0035 0034 0033 0032 0031 0030 0029 0028 0027 0026 
-2.6 0047 0045 0044 0043 0041 0040 0039 0038 0037 0036 
-2 .5 0062 0060 0059 0057 0055 0054 0052 0051 0049 0043 
-2.4 0082 0080 0078 0075 0073 0071 0069 0068 0066 0064 
-2.3 0107 0104 0102 0099 0096 0094 0091 0089 0087 0084 
-2 .2 0139 0136 0132 0129 0125- 0122 0119 0116 0113 0110 
-2.1 0179 0174 0170 0166 0162 0158 0154 0150 0146 0143 
-2 .0 0223 0222 0217 0212 0207 0202 0197 0192 0188 0183 
-1.9 0287 0281 0274 0268 0262 0256 0250 0244 0239+ 0233 
-1.8 0359 0351- 0344 0336 0329 0322 0314 0307 0301+ 0294 
-1.7 0446 0436 0427 0418 0409 0401 0392 0384 0375 0367 
-1.6 0548 0537 0526 0516 0505 0495 0485 0475 0465 0455 
-1 .5 0668 0655 0643 0630 0618 0606 0594 0582 0571+ 0559 
-1.4 0808 0793 0778 0764 0749 0735 0721- 0708 0694 0681 
-1 .3 0963 0951 0934 0913 0901 0885 0869 0853 0838 0823 
-1 .2 1151 1131 1112 1093 1075 1056 1038 1020 1003 0985 
-1.1 1357 1335 1314 1292 1271 1251 1230 1210 1190 1170 
-1 .0 1587 1562 1539 1515 1492 1469 1446 1423 1401 1379 
-0.9 1841 1814 1783 1762 1736 1711 1685 1660 1635 1611 
-0 .8 2119 2090 2061 2033 2005 1977 1949 1922 1894 1867 
-0.7 2420 2389 2358 2327 2296- 2266 2236 2206 2177 2148 
-0.6 2743 2709 2676 2643 2611 2578 2546 2514 2483 2451 
-0.5 3085 3050 3015 2981 2946 2912 2877 2843 2810 2776 
-0.4 3446 3409 3372 3336 3300 3264 3228 3192 3156 3121 
-0 .3 3821 3733 3745 3707 3669 3632 3594 3557 3520 3483 
-0 .2 4207 4168 4129 4090 4052 4013 3974 3936 3397 3859 
-0.1 4602 4562 4522 4433 4443 4404 4364 4325 4286 4247 
0. 5000 4960 4920 4880 4340 4801 4761 4721 4681 4641 
N o t e : 1 . C o m p u t e d v a l u e i s s h o w n . T h i s , w h e r e s h o w n , 
g r e a t e r t h a n p u b l i s h e d v a l u e s b y 1 0 " " ( + ) o r 
l e s s e r b y 1 0 " " ( - ) . 
2 . z = - 3 . 9 ( . l ) - 3 . 0 ( . 0 1 ) + 3 . 0 ( . l ) + 3 . 9 
A p p e n d i x 2 . ( C o n t i n u e d ) 
z 0 1 2 3 4 5 r 0 7 
CO 9 
0 . 5000 5040 5030 5120 5160 5199 5239 5279 5319 5359 
0 .1 5398 5438 5478 5517 5557 5596 5636 5675 5714 5753 
0 .2 5793 5832 5871 5910 5948 5987 6026 6064 6103 6141 
0 .3 6179 6217 6255 6293 6331 6368 6406 6443 6480 6517 
0 .4 6554 6591 6623 6664 6700 6736 6772 6808 6844 6879 
0 .5 6915 6950 6985 7019 7054 7088 7123 7157 7190 7224 
0 .6 7257 7291 7324 7357 7389 7422 7454 7436 7517 7549 
0 .7 7580 7611 7642 7673 7704+ 7734 7764 7794 7323 7852 
0 .8 7881 7910 7939 7967 7995 8023 8051 8073 8106 8133 
0 .9 8159 8136 8212 8238 8264 8289 3315 8340 8365 8389 
1 .0 8413 8433 8461 3485 8508 8531 8554 8577 3599 8621 
1 .1 8643 8665 8686 3708 8729 8749 8770 8790 8810 8830 
1 .2 8849 8869 8888 8907 3925 8944 3962 8980 8997 9015 
1 .3 9032 9049 9066 9082 9099 9115 9131 9147 9162 9177 
1 .4 9192 9207 9222 9236 9251 9265 9279+ 9292 9306 9319 
1 .5 9332 9345 9357 9370 9382 9394 9406 9413 9429- 9441 
1 .6 9452 9463 9474 9484 9495 9505 9515 9525 9535 9545 
1 .7 9554 9564 9573 9582 9591 9599 9608 9616 9625 9633 
1 .8 9641 9649+ 9656 9664 9671 9673 9686 9693 9699- 9706 
1 .9 9713 9719 9726 9732 9738 9744 9750 9756 9761- 9767 
2 .0 9772 9773 9783 9788 9793 9798 9803 9308 9812 9817 
2 .1 9821 9826 9830 9834 9838 9842 9846 9850 9854 9857 
2 .2 9861 9864 9863 9871 9875+ 9878 9881 9884 9887 9890 
2 .3 9893 9896 9898 9901 9904 9906 9909 9911 9913 9916 
2 .4 9913 9920 9922 9925 9927 9929 9931 9932 9934 9936 
2 .5 9933 9940 9941 9943 9945 9946 9948 9949 9951 9952 
2 .6 9953 9955 9956 9957 9959 9960 9961 9962 9963 9964 
2 .7 9965 9966 9967 9968 9969 9970 9971 9972 9973 9974 
2 .3 9974 9975 9976 9977 9977 9978 9979 9979 9980 9981 
2 .9 9981 9982 9982 9983 9984 9984 9985 9985 9986 9986 
3 .0 9987 9990 9993 9995 9997 9998 9998 9999 9999 10000 
A p p e n d i x 3. C o m p a r i s o n of 
N B S T a b l e 
r -o.oo 1 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.0 0.0 0.1 0.2 O.J 0.4 0.5 0.6 0.7 0.8 0.9 1.0 1.1 1.2 1.3 1.0 1.5 1.6 1.7 1.8 1.9 2.0 2.1 2.2 2.3 2.4 2.5 2.6 2.7 2.8 2.9 3.0 3.1 3.2 3.3 3.4 3.5 3.6 3.7 3.6 3.9 
25  2386 210370 19104  17289 1S4<?69 137127 120982 105928 092030 079328 06783  057535 04840  040378 03404 02740  02283 017965 014358 01375 08932 06952 05362 0409  03105 0231 0173  01278 0093  00675 00484 00 34  00242 00168 0016 0080 0054 0036 0024 
2386 21758 193613 175827 158565 141980 126204 11345 097490 08469  07309 062430 052952 04545 037162 030743 025217 020508 016534 013215 010469 0821 06398 04935 0372 02858 02145 01595 0176 00859 00621 0045 00316 0022 0015  00107 0073 0050 003  002  
21370 193613 1702  160760 14978 129814 15389 101804 089136 0742 06753 057080 048414 040728 03978 028108 023056 018750 01517 012082 09572 07516 05850 04512 0349 02613 01961 01459 01075 00785 00568 00407 00289 00203 00142 0098 0067 0045 0030 0020 
19104  17582/ 160760 14592 131659 1789 104789 092452 080948 070327 060620 051836 043967 036986 030856 02526 020938 017028 013729 010972 08693 06826 05312 04098 03132 02373 01781 01325 00976 00713 00516 00370 0026 3 00185 00129 0089 0061 0041 0028 0018 
17289 1S8S6S 14978 131659 18734 106315 094 502 08375 07301 063423 05469 046743 039650 0335  027827 023020 018383 015356 012381 09895 07839 06156 04791 03695 02825 02140 01606 0195 0080 00643 00465 0033 00237 00167 0016 0080 005  0037 0025 0017 
154269 141980 129814 1789 106315 095195 08461 7 07465  065365 056789 048951 041B58 03503 02967 024916 020613 016908 013750 0106 08360 07019 0512 04290 0309 02529 01916 01438 01070 0078  00576 00416 0029  00212 00149 00104 0072 0049 003 3 002  0015 
137127 126204 15389 104789 094502 084617 05215 06359 058102 050479 043512 037207 03158 026548 02148 01832  015029 0122  09854 07876 06239 0489  03813 02941 0248 01703 01278 00951 00701 00512 00370 00265 0018  0013  0092 0064 004  0030 0020 0013 
12982 11345 101804 092452 08375 07465  06359 058546 051261 04536 038389 032826 02784 3 02342  019540 016165 01 3259 010783 08694 06948 0505 0432 3 0364 02595 01904 01503 0128 00839 00618 00451 0032 7 00234 0016  0017 0082 0056 0038 0026 
ooooia 
0012 
105926 09749  089136 080948 07301 06*36* 058102 051261 0483 03894 03617 028742 024378 02U5C8 017109 014153 01610 0941 07612 06084 04820 03785 07946 0272 01737 01316 00987 00734 00541 00395 00286 00205 00146 00102 0071 0049 0034 0023 0015 0010 
4.0 0016 0015 0013 0012 001  0010 0009 0008 0007 
B i v a r i a t e N o r m a l C DF V a l u e s 
C o m p u t e d 
R = 0. \H 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 K\ 0.0 249911 2997 210281 190956 172200 154180 137038 120893 10539 
0.1 230004 211677 193531 175745 158484 141899 126122 11263 097408 
0.2 210295 193538 176948 160635 144903 129739 115315 101729 03Q061 
0.3 190976 175759 160692 145924 131592 117821 104721 092384 080880 
0.4 172228 158504 144917 131598 118673 106254 094440 083314 072940 
0.5 154214 141925 129759 117834 106260 095141 084563 074600 065310 
0.6 137078 126155 1153*10 104740 094453 084569 075166 066310 053053 0.7 120939 11302 101/61 09240*8 083332 074612 O6316 053503 051218 
0.8 105890 097452 089098 080910 072963 065328 053064 051223 044645 
0.9 091997 084666 077409 070294 063390 056757 050446 044503 033961 1.0 079299 072980 066724 060592 054641 048923 043483 033360 03534 
1.1 067809 062405 057056 051812 046723 041834 037132 032302 02671/ 
1.2 057514 052931 048394 043946 039630 035483 031537 02/322 024357 
1.3 048333 044527 040710 036969 033333 029849 026530 023405 020490 
1.4 040364 037147 033963 030341 027812 024902 022133 019525 017094 
1.5 033391 030730 023096 025514 023003 020600 018310 016153 014141 
1.6 027389 025207 023046 020928 0188?2 016897 015019 013249 011599 
1.7 022274 020499 018/42 017020 015348 013742 012214 0107/5 009433 
1.8 OV/958 016527 015110 013722 012374 0110/9 009547 008687 007o05 
1.9 014353 013209 012077 010967 009890 008355 007870 006943 006078 
2.0 011371 010464 009567 003688 007335 007015 006235 005500 004815 2.1 008929 008217 007513 0682  006152 005508 004B96 004319 003731 
2.2 006949 006395 005847 005309 004738 004287 003310 003361 002943 
2.3 005360 004933 004510 004095 003693 003306 002939 002592 002270 
2.4 004097 003770 003447 003130 002823 002527 002246 001982 001735 
2.5 003103 002856 002611 002371 002138 001914 001701 001501 001314 
2.6 002329 002144 001960 001730 001605 001437 001277 001127 00Q936 
2.7 001732 001594 001458 001324 001194 001069 000950 000333 000733 
2.8 0012/7 0011/5 001074 000975 000879 000767 000700 000617 000540 
2.9 000932 000858 000784 00712 000642 000575 000511 000451 000394 
3.0 000674 000620 000567 000515 000464 000416 000B69 000326 000285 
3.1 000483 000445 000406 000369 000333 000298 000265 000233 000204 
3.2 00343 000316 000288 000262 00236 000211 000183 000166 000145 
3.3 000241 000222 00203 000184 000166 000149 000132 0016 000102 
3.4 000168 000154 000141 000128 000116 00103 000092 000031 000071 
3.5 0016 000106 0097 000088 000080 000071 OO63 000056 000049 
3.6 000079 000073 000066 000060 000054 000049 000043 000038 003  .7 0053 0049 0045 0 41 037 03  029 000026 000022 8 36 33 3 27 0 24 0 22 0019 017 000 15 9 2 2  2  18 16 14 3  0010 
4.0 000015 000014 000013 000012 000010 000009 000008 000007 000006 
A p p e n d i x 3. 
N B S T a b l e 
r - 0 . 0 0 
K\ 0 . 9 \ . o 1.1 1 . 2 1 .3 1 . 4 1 .5 1 . 6 1 . 7 
0 . 0 
0 . 1 
0 . 2 
0 . 3 
0 . 4 
0 9 2 0 3 0 
0 8 4 6 9 9 
0 7 7 4 4 2 
0 7 0 3 2 7 
0 6 3 4 2 3 
0 7 9 3 2 8 
0 7 3 0 0 9 
0 6 6 7 5 3 
0 6 0 6 2 0 
0 5 4 6 6 9 
0 6 7 8 3 3 
0 6 2 4 3 0 
0 5 7 0 8 0 
0 5 1 8 3 6 
0 4 6 7 4 8 
0 5 7 5 3 5 
0 5 2 9 5 2 
0 4 8 4 1 4 
0 4 3 9 6 7 
0 3 9 6 5 0 
0 4 8 4 0 0 
0 4 4 5 4 5 
0 4 0 7 2 8 
0 3 6 9 6 6 
0 3 3 3 5 5 
0 4 0 3 7 8 
0 3 7 1 6 2 
0 3 3 9 7 8 
0 3 0 8 5 6 
0 2 7 8 2 7 
0 3 3 4 0 4 
0 3 0 7 4 3 
0 2 8 1 0 8 
0 2 5 5 2 6 
0 2 3 0 2 0 
0 2 7 4 0 0 
0 2 5 2 1 7 
0 2 3 0 5 6 
0 2 0 9 3 8 
0 1 8 0 8 3 
0 2 2 2 8 3 
0 2 0 5 0 8 
0 1 8 7 5 0 
0 1 7 0 2 8 
0 1 5 3 5 6 
0 . 5 
0 . 6 
0 . 7 
0 . 8 
0 . 0 
0 5 6 7 8 9 
0 5 0 4 7 9 
0 4 4 5 3 6 
0 3 8 9 9 4 
0 3 3 8 7 8 
0 4 8 9 5 1 
0 4 3 5 1 2 
0 3 8 3 8 9 
0 3 3 6 1 2 
0 2 9 2 0 2 
0 4 1 8 5 8 
0 3 7 2 0 7 
0 3 2 8 2 6 
0 2 8 7 4 2 
0 2 4 9 7 1 
0 3 5 5 0 3 
0 3 1 5 5 8 
0 2 7 8 4 3 
0 2 4 3 7 8 
0 2 1 1 8 0 
0 2 9 8 6 7 
0 2 6 5 4 8 
0 2 3 4 2 2 
0 2 0 5 0 8 
0 1 7 8 1 7 
0 2 4 9 1 6 
0 2 2 1 4 8 
0 1 9 5 4 0 
0 1 7 1 0 9 
0 1 4 8 6 4 
0 2 0 6 1 3 
0 1 8 3 2 2 
0 1 6 1 6 5 
0 1 4 1 5 3 
0 1 2 2 9 7 
0 1 6 9 0 8 
0 1 5 0 2 9 
0 1 3 2 5 9 
0 1 1 6 1 0 
0 1 0 0 8 6 
0 1 3 7 5 0 
0 1 2 2 2 2 
0 1 0 7 8 3 
0 0 9 4 4 1 
0 0 8 2 0 3 
1 . 0 
1 .1 
1 . 2 
1*3 
1 . 4 
0 2 9 2 0 2 
024971 
0 2 1 1 8 0 
0 1 7 8 1 7 
0 1 4 8 6 4 
0 2 5 1 7 1 
0 2 1 5 2 4 
0 1 8 2 5 6 
0 1 5 3 5 8 
0 1 2 8 1 2 
0 2 1 5 2 4 
0 1 8 4 0 5 
0 1 5 6 1 1 
0 1 3 1 3 3 
0 1 0 9 5 6 
0 1 8 2 5 6 
015611 
013241 
0 1 1 1 3 9 
0 0 9 2 9 3 
0 1 5 3 5 8 
0 1 3 1 3 3 
0 1 1 1 3 9 
0 0 9 3 7 0 
0 0 7 8 1 7 
01281 2 
0 1 0 9 5 6 
0 0 9 2 9 3 
0 0 7 8 1 7 
0 0 6 5 2 2 
0 1 0 5 9 9 
0 0 9 0 6 3 
0 0 7 6 8 8 
0 0 6 4 6 7 
0 0 5 3 9 5 
0 0 8 6 9 4 
0 0 7 4 3 4 
0 0 6 3 0 6 
0 0 5 3 0 5 
0 0 4 4 2 5 
007071 
0 0 6 0 4 6 
0 0 5 1 2 8 
C 0 4 3 I 4 
0 0 3 5 9 9 
1 . 5 
1 . 6 
1 . 7 
1 . 8 
1 . 0 
0 1 2 2 9 7 
0 1 0 0 8 6 
0 0 8 2 0 3 
0 0 6 6 1 3 
0 0 5 2 8 6 
0 1 0 5 9 9 
0 0 B 6 9 4 
007071 
0 0 5 7 0 0 
0 0 4 5 5 6 
0 0 9 0 6 3 
0 0 7 4 3 * 
0 0 6 0 4 6 
0 0 4 8 7 5 
0 0 3 B 9 6 
0 0 7 6 3 8 
0 0 6 3 0 6 
0 0 5 1 2 8 
0 0 4 1 3 4 
0 0 3 3 0 4 
0 0 6 4 6 7 
0 0 5 3 0 5 
0 0 4 3 1 4 
0 0 3 4 7 8 
0027 80 
0 0 5 3 9 5 
0 0 4 4 2 5 
0 0 3 5 9 9 
0 0 2 9 0 2 
0 0 2 3 1 9 
0 0 4 4 6 3 
003661 
0 0 2 9 7 7 
0 0 2 4 0 0 
0 0 1 9 1 8 
0 0 3 6 6 1 
0 0 3 0 0 3 
0 0 2 4 4 2 
0 0 1 9 6 9 
0 0 1 5 7 4 
0 0 2 9 7 7 
0 0 2 4 4 2 
0 0 1 9 8 6 
0 0 1 6 0 1 
0 0 1 2 8 0 
2 . 0 
2 . 1 
2 . 2 
2 * 3 
2 . 4 
0 0 4 1 8 7 
0 0 3 2 8 8 
0 0 2 5 5 9 
0 0 1 9 7 4 
0 0 1 5 0 9 
0 0 3 6 0 9 
0 0 2 8 3 4 
0 0 2 2 0 6 
001701 
001301 
0 0 3 0 8 6 
0 0 2 4 2 4 
0 0 1 8 3 6 
0 0 1 4 5 5 
o o u u 
0 0 2 6 1 8 
0 0 2 0 5 6 
0 0 1 6 0 0 
0 0 1 2 3 4 
0 0 0 9 4 3 
0 0 2 2 0 2 
0 0 1 7 2 9 
0 0 1 3 4 6 
0 0 1 0 3 8 
0 0 0 7 9 4 
0 0 1 6 3 7 
0 0 1 4 4 3 
0 0 1 1 2 3 
0 0 0 8 6 6 
0 0 0 6 6 2 
0 0 1 5 2 0 
0 0 1 1 9 4 
0 0 0 9 2 9 
0 0 0 7 1 6 
0 0 0 5 4 8 
0 0 1 2 4 7 
0 0 0 9 7 9 
0 0 0 7 6 2 
0 0 0 5 8 8 
0 0 0 4 4 9 
0 0 1 0 1 4 
0 0 0 7 9 6 
0 0 0 6 2 0 
0 0 0 4 7 8 
0 0 0 3 6 5 
2 . 1 
2 * 6 
2 . 7 
2 . 8 
2 . 0 
0 0 1 1 4 3 
0 0 0 8 5 8 
0 0 0 6 3 8 
0 0 0 4 7 0 
0 0 0 3 4 3 
0 0 0 9 8 5 
0 0 0 7 4 0 
0 0 0 5 5 0 
0 0 0 4 0 5 
0 0 0 2 9 6 
0 0 0 8 4 2 
0 0 0 6 3 2 
0 0 0 4 7 0 
0 0 0 3 4 7 
0 0 0 2 5 3 
0 0 0 7 1 5 
0 0 0 5 3 6 
0 0 0 3 9 9 
0 0 0 2 9 4 
0 0 0 2 1 5 
0 0 0 6 0 1 
000451 
0 0 0 3 3 6 
0 0 0 2 4 7 
0 0 0 1 8 1 
0 0 0 5 0 2 
0 0 0 3 7 6 
0 0 0 2 8 0 
0 0 0 2 0 6 
0 0 0 1 5 1 
0 0 0 4 1 5 
0 C 0 3 1 1 
0 0 0 2 3 2 
0 0 0 1 7 1 
0 0 0 1 2 5 
0 0 0 3 4 0 
0 0 0 2 5 5 
0 0 0 1 9 0 
0 0 0 1 4 0 
0 0 0 1 0 2 
0 0 0 2 7 7 
0 0 0 2 0 8 
0 0 0 1 5 5 
0 0 0 1 1 4 
0 0 0 0 8 3 
3 . 0 
3 . 1 
3 . 2 
3 . 3 
3 . 4 
0 0 0 2 4 8 
0 0 0 1 7 8 
0 0 0 1 2 6 
0 0 0 0 8 9 
0 0 0 0 6 2 
0 0 0 2 1 4 
0 0 0 1 5 4 
0 0 0 1 0 9 
0 0 0 0 7 7 
0 0 0 0 5 3 
0 0 0 1 8 3 
0 0 0 1 3 1 
0 0 0 0 9 3 
0 0 0 0 6 6 
0 0 0 0 4 6 
0 0 0 1 5 5 
000111 
0 0 0 0 7 9 
0 0 0 0 5 6 
0 0 0 0 3 9 
0 0 0 1 3 1 
0 0 0 0 9 4 
0 0 0 0 6 7 
0 0 0 0 4 7 
0 0 0 0 3 3 
0 0 0 1 0 9 
0 0 0 0 7 8 
0 0 0 0 5 5 
0 0 0 0 3 9 
0 0 0 0 2 7 
0 0 0 0 9 0 
0 0 0 0 6 S 
0 0 0 C 4 6 
0 0 0 0 3 2 
0 0 0 0 2 3 
0 0 0 0 7 4 
0 0 0 0 5 3 
0 0 0 0 3 8 
0 0 0 0 2 6 
0 0 0 0 1 8 
0 0 0 0 6 0 
0 0 0 0 4 3 
0 0 0 0 3 1 
0 0 0 0 2 2 
0 0 0 0 1 5 
3 . 5 
3 . 6 
3 * 7 
3 . 6 
3 * 9 
0 0 0 0 4 3 
0 0 0 0 2 9 
0 0 0 0 2 0 
0 0 0 0 1 3 
0 0 0 0 0 9 
0 0 0 0 3 7 
0 0 0 0 2 5 
0 0 0 0 1 7 
0 0 0 0 1 1 
0 0 0 0 0 8 
0 0 0 0 3 2 
0 0 0 0 2 2 
0 0 0 0 1 5 
0 0 0 0 1 0 
0 0 0 0 0 7 
0 0 0 0 2 7 
0 0 0 0 1 8 
0 0 0 0 1 2 
0 0 0 0 0 8 
0 0 0 0 0 6 
0 0 0 0 2 3 
0 0 0 0 1 5 
0 0 0 0 1 0 
0 0 0 0 0 7 
0 0 0 0 0 5 
0 0 0 0 1 9 
0 0 0 0 1 3 
0 0 0 0 0 9 
0 0 0 0 0 6 
0 0 0 0 0 4 
0 0 0 0 1 6 
000011 
0 0 0 0 0 7 
0 0 0 0 0 5 
0 0 0 0 0 3 
0 0 0 0 1 3 
0 0 0 0 0 9 
0 0 0 0 0 6 
0 0 0 0 0 4 
0 0 0 0 0 3 
0 0 0 0 1 0 
0 0 0 0 0 7 
0 0 0 0 0 5 
0 0 0 0 0 3 
0 0 0 0 0 2 
4 . 0 0 0 0 0 0 6 0 0 0 0 0 5 0 0 0 0 0 4 0 0 0 0 0 4 0 0 0 0 0 3 0 0 0 0 0 3 0 0 0 0 0 2 0 0 0 0 0 2 0 0 0 0 0 1 
(Continued) 
C o m p u t e d 
R = 0. 
\ H 0.9 1.0 1.1 1.2 1.3 1.1 1.5 1.6 1.7 
0.0 091941 079239 067741 05/146 046312 010290 033315 027311 022191 
0.1 034613 072927 062348 052870 044163 037080 030661 025136 020126 
0.2 077367 066676 057006 013310 010653 033903 028031 022982 013676 
0 .3 070259 060553 051769 043899 036919 030738 025458 020870 OI696O 
0.1 063362 05M608 046636 039589 033291 027766 022959 018821 015295 
0 .5 056735 019996 011303 035118 029812 024862 020559 016853 013695 
0 .6 050430 013163 037158 031509 026499 022099 018273 O H 9 8 O 012173 
0 .7 044493 033346 032733 027SOO 023379 019497 016122 013216 010740 
0.8 038956 033574 028704 024310 020170 017071 011116 011572 009101 
0.9 033915 029169 021938 021117 017784 014831 012264 010053 008170 
1.0 029174 025143 021496 013228 015329 012734 010571 008666 007012 
1.1 024916 021500 013381 015587 013108 010932 009039 007410 006022 
1.2 021159 018236 015590 013220 011118 009272 007667 006285 005107 
1.3 017300 015310 013115 011121 009353 007800 006119 005287 001296 
1.4 011819 012799 010941 009278 007303 006507 005380 004411 003584 
1.5 012234 010597 009051 007675 006455 005383 004151 003619 002965 
1.6 010076 003681 007124 006296 005295 004415 003651 002993 002432 
1.7 003194 007062 OO6038 005120 004306 003591 002969 002131 001978 
1.8 006607 005691 004368 001128 003171 002895 002394 001962 001595 
1.9 005230 004551 003390 003299 002771 002311 001913 001568 001271 
2.0 001133 003605 003082 002613 002198 001833 001515 001212 001009 
2.1 003235 002331 002420 002052 001726 001139 001190 000975 000793 
2.2 002556 0 J 2 2 0 3 001333 001597 001313 001120 000926 000759 000617 
2.3 001̂ 72 001699 GOU53 001232 001036 000861 000714 000585 000476 
2 .4 001507 001299 001110 000941 000792 000660 000546 000447 000363 
2.5 001141 000934 000941 000713 000600 000500 000413 000339 000275 
2 .6 000357 000738 000631 000535 000450 000375 000310 000254 000206 
2 .7 000637 000549 000469 000393 000335 000279 000231 OOOI89 000153 
2.8 000469 000404 000346 000293 000246 000205 000170 000139 000113 
2.9 000343 000295 000252 000214 000180 000150 000124 000102 000082 
3.0 000243 000213 000132 000155 000130 000108 000090 000073 000060 
3.1 000177 000153 000131 000111 000093 000073 000064 000052 000043 
3.2 000126 000108 000093 000079 000066 000055 000045 000037 000030 
3.3 000033 000076 000065 000055 000046 000039 000032 000026 000021 
3.4 000062 000053 000045 000038 000032 000027 000022 000018 000015 
3.5 000042 000036 000031 000026 000022 000018 000015 000012 000010 
3 . 6 000029 000025 000021 000018 000015 000012 000010 000008 000007 
3 .7 000019 000017 000014 000012 000010 000008 000007 000005 000004 
3.8 000013 000011 000009 000008 000007 000005 000004 000004 000003 
3.9 000008 000007 000006 000005 000004 000003 000003 000002 000002 
1.0 000005 000005 000004 000003 000003 000002 000002 000001 000001 
A p p e n d i x 3. 
N B S T a b l e 
r - 0 . 0 0 
1 .8 1 .9 2 . 0 2 . 1 2 . 2 2 . 3 2 . 4 2 . 5 2 . 6 
0 . 0 
0 . 1 
0 . 2 
0 . 3 
0 . 4 
0 1 7 9 6 5 
0 1 6 5 3 4 
0 1 5 1 1 7 
0 1 3 7 2 9 
0 1 2 3 8 1 
0 1 4 3 5 8 
0 1 3 2 1 5 
0 1 2 0 8 2 
0 1 0 9 7 2 
0 0 9 8 9 5 
0 1 1 3 7 5 
0 1 0 4 6 9 
0 0 9 5 7 2 
0 0 8 6 9 3 
0 0 7 8 3 9 
0 0 8 9 3 2 
0 0 8 2 2 1 
0 0 7 5 1 6 
0 0 6 8 2 6 
0 0 6 1 5 6 
0 0 6 9 5 2 
0 0 6 3 9 8 
0 0 5 8 5 0 
0 0 5 3 1 2 
0 0 4 7 9 1 
0 0 5 3 6 2 
0 0 4 9 3 5 
0 0 4 5 1 2 
0 0 4 0 9 8 
0 0 3 6 9 5 
0 0 4 0 9 9 
0 0 3 7 7 2 
0 0 3 4 4 9 
0 0 3 1 3 2 
0 0 2 0 2 5 
0 0 3 1 0 5 
0 0 2 0 5 8 
0 0 2 6 1 3 
0 0 2 3 7 3 
0 0 2 1 4 0 
0 0 2 3 3 1 
O 0 2 1 4 5 
0 0 1 9 6 1 
0 0 1 7 8 1 
0 0 1 6 0 6 
0 . 5 
0 . 6 
0 . 7 
0 . 8 
0 . 9 
0 1 1 0 8 6 
0 0 9 8 5 4 
0 0 8 6 9 4 
0 0 7 6 1 2 
0 0 6 6 1 3 
0 0 8 8 6 0 
0 0 7 8 7 6 
0 0 6 9 4 8 
0 0 6 0 8 4 
0 0 5 2 8 6 
0 0 7 0 1 9 
0 0 6 2 3 9 
0 0 5 5 0 5 
0 0 4 8 2 0 
0 0 4 1 8 7 
0 0 5 5 1 2 
0 0 4 8 9 9 
0 0 4 3 2 3 
0 0 3 7 8 5 
0 0 3 2 8 8 
0 0 4 2 9 0 
0 0 3 8 1 3 
0 0 3 3 6 4 
0 0 2 9 4 6 
0 0 2 5 5 9 
0 0 3 3 0 9 
0 0 2 9 4 1 
0 0 2 5 9 5 
0 0 2 2 7 2 
0 0 1 9 7 4 
0 0 2 5 2 9 
0 0 2 2 4 6 
0 0 1 9 8 4 
0 0 1 7 3 7 
0 0 1 5 0 9 
0 0 1 9 1 6 
0 0 1 7 0 3 
0 0 1 5 0 3 
0 0 1 3 1 6 
0 0 1 1 4 3 
0 0 1 4 3 8 
0 0 1 2 7 8 
0 0 1 1 2 8 
0 0 0 9 8 7 
0 0 0 8 5 8 
1 . 0 
1 . 1 
1 . 2 
1 . 3 
1 . 4 
0 0 5 7 0 0 
0 0 4 8 7 5 
0 0 4 1 3 4 
0 0 3 4 7 8 
0 0 2 9 0 2 
0 0 4 5 5 6 
0 0 3 8 9 6 
0 0 3 3 0 4 
0 0 2 7 8 0 
0 0 2 3 1 9 
0 0 3 6 0 9 
0 0 3 0 8 6 
0 0 2 6 1 8 
0 0 2 2 0 2 
0 0 1 8 3 7 
0 0 2 8 3 4 
0 0 2 4 2 4 
0 0 2 0 5 6 
0 0 1 7 2 9 
0 0 1 4 4 3 
002 206 
0 0 1 8 8 6 
0 0 1 6 0 0 
0 0 1 3 4 6 
0 0 1 1 2 3 
0 0 1 7 0 1 
0 0 1 4 5 5 
0 0 1 2 3 4 
0 0 1 0 3 8 
0 0 0 8 6 6 
0 0 1 3 0 1 
0 0 1 1 1 2 
0 0 0 9 4 3 
0 0 0 7 9 4 
0 0 0 6 6 2 
0 0 0 9 8 5 
0 0 0 8 4 2 
0 0 0 7 1 5 
0 0 0 6 0 1 
- 0 0 0 5 0 2 
0 0 0 7 4 0 
0 0 0 6 3 2 
0 0 0 5 3 6 
OU0451 
0 0 0 3 7 6 
1 . 5 
1 . 6 
1 . 7 
1 . 8 
1 . 9 
0 0 2 4 0 0 
0 0 1 9 6 9 
0 0 1 6 0 1 
0 0 1 2 9 1 
0 0 1 0 3 2 
0 0 1 9 1 8 
0 0 1 5 7 4 
0 0 1 2 8 0 
0 0 1 0 3 2 
0 0 0 8 2 5 
0 0 1 5 2 0 
0 0 1 2 4 7 
0 0 1 0 1 4 
0 0 0 8 1 7 
0 0 0 6 5 3 
0 0 1 1 9 4 
0 0 0 9 7 9 
000 796 
0 0 0 6 4 2 
0 0 0 5 1 3 
0 0 0 9 2 9 
0 0 0 7 6 2 
0 0 0 6 2 0 
0 0 0 5 0 0 
0 0 0 3 9 9 
0 0 0 7 1 6 
0 0 0 5 8 8 
0004 7 8 
0 0 0 3 8 5 
0 0 0 3 0 8 
0 0 0 5 4 8 
0 0 0 4 4 9 
0 0 0 3 6 5 
0 0 0 2 9 5 
0 0 0 2 3 5 
0 0 0 4 1 5 
0 0 0 3 4 0 
0 0 0 2 7 7 
0 0 0 2 2 3 
0 0 0 1 7 8 
0 0 0 3 1 1 
0 0 0 2 5 5 
0 0 0 2 0 8 
0 0 0 1 6 8 
0 0 0 1 3 4 
2 . 0 
2 . 1 
2 . 2 
2 . 3 
2 . 4 
0 0 0 8 1 7 
0 0 0 6 4 2 
0 0 0 5 0 0 
0 0 0 3 8 5 
0 0 0 2 9 5 
0 0 0 6 5 3 
0 0 0 5 1 3 
0 0 0 3 9 9 
0 0 0 3 0 8 
0 0 0 2 3 5 
0 0 0 5 1 8 
0 0 0 4 0 6 
0 0 0 3 1 6 
0 0 0 2 4 4 
0 0 0 1 8 6 
0 0 0 4 0 6 
0 0 0 3 1 9 
0 0 0 2 4 8 
0 0 0 1 9 2 
000 146 
0 0 0 3 1 6 
0 0 0 2 4 8 
0 0 0 1 9 3 
0 0 0 1 4 9 
0 0 0 1 14 
0 0 0 2 4 4 
0 0 0 1 9 2 
0 0 0 1 4 9 
0 0 0 1 1 5 
0 0 0 0 8 8 
0 0 0 1 8 6 
0 0 0 1 4 6 
0 0 0 1 1 4 
0 0 0 0 8 8 
0 0 0 0 6 7 
0 0 0 1 4 1 
0 0 0 1 1 1 
0 0 0 0 8 6 
0 0 0 0 6 7 
0 0 0 0 5 1 
0 0 0 1 0 6 
0 0 0 0 8 3 
0 0 0 0 6 5 
0 0 0 0 5 0 
0 0 0 0 3 8 
2 . 5 
2 . 6 
2 . 7 
2 . 8 
2 . 9 
0 0 0 2 2 3 
0 0 0 1 6 8 
0 0 0 1 2 5 
0 0 0 0 9 2 
0 0 0 0 6 7 
0 0 0 1 7 8 
000 134 
0 0 0 1 0 0 
0 0 0 0 7 3 
0 0 0 0 5 4 
0 0 0 1 4 1 
0 0 0 1 C 6 
0 0 0 0 7 9 
0 0 0 0 5 8 
0 0 0 0 4 2 
0 0 0 1 1 1 
0 0 0 0 8 3 
0 0 0 0 6 2 
0 0 0 0 4 6 
0 0 0 0 3 3 
0 0 0 0 6 6 
0 0 0 0 6 5 
0 0 0 0 4 8 
0 0 0 0 3 6 
0 0 0 0 2 6 
0 0 0 0 6 7 
0 0 0 0 5 0 
0 0 0 0 3 7 
0 0 0 0 2 7 
0 0 0 0 2 0 
0 0 0 0 5 1 
0 0 0 0 3 8 
0 0 0 0 2 8 
0 0 0 0 2 1 
0 0 0 0 1 5 
0 0 0 0 3 9 
0 0 0 0 2 9 
0 0 0 0 2 2 
0 0 0 0 1 6 
0 0 0 0 1 2 
0 0 0 0 2 9 
0 0 0 0 2 2 
0 0 0 0 1 6 
0 0 0 0 1 2 
0 0 0 0 0 9 
3 . 0 
3 . 1 
3 . 2 
3 . 3 
3 . 4 
0 0 0 0 4 9 
0 0 0 0 3 5 
0 0 0 0 2 5 
0 0 0 0 1 7 
0 0 0 0 1 2 
0 0 0 0 3 9 
0 0 0 0 2 8 
0 0 0 0 2 0 
0 0 0 0 1 4 
00C01O 
0 0 0 0 3 1 
0 0 0 0 2 2 
0 0 0 0 1 6 
o o o o u 
0 0 0 0 0 8 
0 0 0 0 2 4 
0 0 0 0 1 7 
0 0 0 0 1 2 
0 0 0 0 0 9 
0 0 0 0 0 6 
0 0 0 0 1 9 
0 0 0 0 1 3 
0 0 0 0 1 0 
0 0 0 0 0 7 
0 0 0 0 0 5 
0 0 0 0 1 4 
0 0 0 0 1 0 
0 0 0 0 0 7 
OOC005 
0 0 0 0 0 4 
OOOOU 
0 0 0 0 0 8 
0 0 0 0 0 6 
0 0 0 0 0 4 
0 0 0 0 0 3 
0 0 0 0 0 8 
0 0 0 0 0 6 
0 0 0 0 0 4 
0 0 0 0 0 3 
0 0 0 0 0 2 
0 0 0 0 0 6 
0 0 0 0 0 5 
0 0 0 0 0 3 
0 0 0 0 0 2 
0 0 0 0 0 2 
3 . 5 
3 . 6 
3 . 7 
3 . 8 
3 . 9 
0 0 0 0 0 8 
0 0 0 0 0 6 
0 0 0 0 0 4 
0 0 0 0 0 3 
0 0 0 0 0 2 
0 0 0 0 0 7 
0 0 0 0 0 5 
OOC003 
0 0 0 0 0 2 
0 0 0 0 0 1 
0 0 0 0 0 5 
0 0 0 0 0 4 
0 0 0 0 0 2 
0 0 0 0 0 2 
0 0 0 0 0 1 
0 0 0 0 0 4 
0 0 0 0 0 3 
0 0 0 0 0 2 
0 0 0 0 0 1 
0 0 0 0 0 1 
0 0 0 0 0 3 
0 0 0 0 0 2 
0 0 0 0 0 1 
C00001 
0 0 0 0 0 1 
0 0 0 0 0 2 
0 0 0 0 0 2 
0 0 0 0 0 1 
0 0 0 0 0 1 
0 0 0 0 0 1 
0 0 0 0 0 2 
0 0 0 0 0 1 
0 0 0 0 0 1 
0 0 0 0 0 1 
0 0 0 0 0 0 
0 0 0 0 0 1 
0 0 0 0 0 1 
0 0 0 0 0 1 
0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 1 
0 0 0 0 0 1 
0 0 0 0 0 1 
0 0 0 0 0 0 
0 0 0 0 0 0 
4 . 0 0 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
(Continued) 
C o m p u t e d 
R = 0. 
\H 1.8 1 .9 2.0 2.1 2.2 2 . 3 2.4 2 . 5 2 . 6 
0.0 017877 014270 011286 008844 006863 005273 004010 003016 002242 
0.1 016453 013133 010387 008139 OO6316 004853 003691 002776 002063 
0.2 015043 012008 009497 007442 005775 004437 003374 002538 001837 
0 . 3 013661 010904 008625 006758 005245 004030 003064 002305 001713 
0 . 4 012320 009334 007778 006095 004730 003634 002764 002079 001545 
0.5 011031 008805 006964 005457 004235 003254 002474 001861 001383 
0 . 6 009805 007827 006191 004851 003764 002892 002199 001654 001230 
0 . 7 008651 006905 005462 004279 003321 002552 001940 001459 001085 
0 . 8 007574 006046 004782 003747 002908 002234 001699 001278 000950 
0 . 9 006580 005253 004155 003255 002526 001941 001476 001110 000325 
1.0 005672 004528 003581 002806 002177 001673 001272 000957 000711 
1.1 004850 003872 003062 002399 001862 001431 001033 000818 000608 
1.2 004114 003234 002597 002035 001579 001213 000923 000694 000516 
1.3 003461 002762 002185 001712 001328 001021 000776 000584 000434 
1.4 002387 002304 001323 001428 001108 000851 000647 000487 000362 
1.5 002388 001906 001508 001181 000917 000704 000535 000403 000299 
1.6 001959 001564 001237 000969 000752 000573 000439 000330 000245 
1.7 001593 001271 001006 000788 000611 000470 000357 000263 000199 
1.8 001284 001025 000811 000635 000493 000379 000283 000216 000161 
1.9 001026 000819 000648 000508 000394 000302 000230 000173 000123 
2.0 000813 000649 000513 000402 000312 000240 000132 000137 000102 
2.1 000638 000509 000403 000316 000245 000188 000143 000107 000060 
2.2 000497 000396 000313 000246 000190 000146 000111 0000S3 000062 
2 . 3 000383 000306 000242 000139 000147 000113 000036 000064 00DC43 
2.4 000293 000234 000185 000145 000112 000086 000065 000049 000036 
2.5 000222 000177 000140 000109 000085 OOOO65 000049 000037 000027 
2 . 6 000166 000133 000105 000082 000064 000049 000037 000028 000021 
2 . 7 000124 000099 000073 000061 000047 000036 000027 000021 000015 
2 . 8 000091 000073 000057 000045 000035 000027 000020 000015 C00011 
2 . 9 000066 000053 000042 000033 000025 000019 000015 000011 000008 
3.0 000048 000038 000030 000023 000018 000014 000010 000008 000006 
3.1 000034 00002/ 000021 000017 000013 000010 000007 000005 000004 
3 . 2 000024 000019 000015 000012 000G09 000007 000005 000004 0 0 0 0 0 3 
3 . 3 000017 000013 000011 000008 000006 000005 000003 000C03 OOC002 
3 .4 000012 000009 000007 000006 000004 000003 000002 000002 000001 
3 . 5 000008 000006 000005 000004 000003 000002 000001 000001 000001 
3 . 6 000005 000004 000003 000002 000002 000001 000001 000001 000000 
3 .7 000003 000003 000002 000002 000001 000001 000000 000000 000000 
3 . 8 000002 000002 000001 000001 000001 000000 000000 000000 000000 
3 . 9 000001 000001 000001 000000 000000 000000 000000 000000 000000 
4 . 0 000001 000000 000000 000000 000000 000000 000000 000000 000000 ^ 
CO 
A p p e n d i x 3. 
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C o m p u t e d 
M s 0. 
\H 2.7 2.8 2.9 3-0 3-1 3.2 3-3 3.1 3-5 
K\ 
0.0 001645 001189 000844 000536 000395 000255 000153 000080 000036 
0.1 001514 001094 000777 000540 000364 000235 000141 000073 000033 
0.2 001384 001000 000710 000493 000332 000214 000129 000067 000030 
0.3 001257 000908 000645 000448 000302 000195 000117 000061 000027 
0.1 001133 000819 000582 000404 000272 000176 000105 000055 000024 
0.5 001015 000734 000521 000362 000244 000157 000094 000049 000022 
0.6 000902 000652 000463 000321 000217 000140 000034 000044 000019 
0.7 00G796 000575 000408 000284 000191 000123 000074 000038 000017 
0.8 000697 000504 000358 000248 000167 000108 000065 000034 000015 
0.9 000605 000437 000311 000216 000145 000094 000056 000029 000013 
1.0 000522 000377 000268 000186 000125 000081 000048 000025 000011 
1.1 000446 000322 000229 000159 000107 000069 000041 000021 000009 
1.2 000373 000273 000194 000135 000091 000058 000035 000018 000008 
1-3 000318 000230 000163 000113 000076 000049 000029 000015 000007 
1.4 000265 000192 000136 000094 000063 000041 000024 000013 000005 
1.5 000219 000159 000112 000078 000052 000034 000020 000010 000004 
1.6 000100 000130 000092 000064 000043 000028 000016 000008 000004 
1.7 000146 000106 000075 000052 000035 000022 000013 000007 000003 
1.8 000118 000085 000060 000042 000028 000018 000011 000005 000002 
1.9 000094 000068 000048 000033 000022 000014 000008 000004 000002 
2.0 000074 000054 000039 000026 000018 000011 000007 000003 000001 
2.1 000053 000042 OOOO30 000021 000014 000009 000005 000002 000001 
2.2 000045 000033 000023 000016 000011 000007 000004 000002 000001 
2.3 000035 000025 000018 000012 000008 000005 000003 000001 OOOOOO 
2.4 000027 000019 000013 000009 000006 000004 000002 000001 OOOOOO 
2.5 000020 000014 000010 000007 000005 000003 000002 000001 OOOOOO 
2.6 000015 000011 000007 000005 000003 000002 000001 OOOOOO OOOOOO 
2.7 000011 000008 000005 000004 000002 000001 000001 OOOOOO OOOOOO 
2.8 000003 000006 000004 000003 000002 000001 OOOOOO OOOOOO OOOOOO 
2.9 000006 000004 000003 000002 000001 000001 OOOOOO OOOOOO OOOOOO 
3.0 000004 000003 000002 000001 000001 OOOOOO OOOOOO OOOOOO OOOOOO 
3.1 000003 000002 000001 000001 OOOOOO OOOOOO OOOOOO OOOOOO OOOOOO 
3.2 000002 000001 000001 OOOOOO OOOOOO OOOOOO OOOOOO OOOOOO OOOOOO 
3.3 000001 000001 OOOOOO OOOOOO OOOOOO OOOOOO OOOOOO OOOOOO OOOOOO 
3.1 000001 OOOOOO OOOOOO OOOOOO oooooo oooooo oooooo oooooo oooooo 
A p p e n d i x 3. ( C o n t i n u e d ) 
NBS T a b l e C o m p u t e d 
r . 0 . 0 0 
3 . 6 3 . 7 3 . 8 3 . 9 4 . 0 
0 . 0 0 0 0 0 8 0 0 0 0 3 5 4 0 0 0 0 3 6 0 0 0 0 2 4 0 0 0 0 1 6 
0 . 1 0 0 0 0 7 3 0 0 0 0 5 0 0 0 0 0 3 3 0 0 0 0 2 2 0 0 0 0 1 5 
0 . 2 0 0 0 0 6 7 0 0 0 0 4 5 0 0 0 0 3 0 0 0 0 0 2 0 0 0 0 0 1 3 
0 . 3 0 0 0 0 6 1 0 0 0 0 4 1 0 0 0 0 2 8 0 0 0 0 1 8 0 0 0 0 1 2 
0 . 4 0 0 0 0 5 5 0 0 0 0 3 7 O O C 0 2 5 0 0 0 0 1 7 0 0 0 0 1 1 
0 . 5 0 0 0 0 4 9 0 0 0 0 3 3 0 0 0 0 2 2 0 0 0 0 1 5 0 0 0 0 1 0 
0 . 6 0 0 0 0 4 4 0 0 0 0 3 0 0 0 0 0 2 0 0 0 0 0 1 3 0 0 0 0 0 9 
0 . 7 0 0 0 0 3 8 0 0 0 0 2 6 0 0 0 0 1 8 0 0 0 0 1 2 0 0 0 0 0 8 
0 . 8 0 C 0 0 3 4 0 0 3 0 2 3 0 0 0 0 1 5 0 0 0 0 1 0 0 0 0 0 0 7 
0 . 9 0 0 0 0 2 9 0 0 0 0 2 0 0 0 0 0 1 3 0 0 0 0 0 9 0 0 0 0 0 6 
1 . 0 0 0 0 0 2 5 0 0 0 0 1 7 o o o o n 0 0 0 0 0 8 0 0 0 0 0 5 
1 . 1 0 0 0 0 2 2 0 0 0 0 1 5 0 0 0 0 1 0 0 0 0 0 0 7 0 0 0 0 0 4 
1 . 2 0 0 0 0 1 8 0 0 0 0 1 2 0 0 0 0 0 8 0 0 0 0 0 6 0 0 0 0 0 4 
1 . 3 0 0 0 0 1 5 0 0 0 0 1 0 0 0 0 0 0 7 0 0 0 0 0 5 0 0 0 0 0 3 
1.4 0 0 0 0 1 3 0 0 0 0 0 9 0 0 0 0 0 6 0 0 0 0 0 4 0 0 0 0 0 3 
1 . 5 0 0 0 0 1 1 0 0 0 0 0 7 0 0 0 0 0 5 0 0 0 0 0 3 0 0 0 0 0 2 
1 . 6 0 0 0 0 0 9 0 0 0 0 0 6 0 0 0 0 0 4 0 0 0 0 0 3 0 0 0 0 0 2 
1 . 7 0 0 0 C 0 7 0 0 0 0 0 5 0 0 0 0 0 3 0 0 0 0 0 2 O O O O O I 
1 . 8 0 0 0 0 0 6 0 0 0 0 0 4 0 0 0 0 0 3 0 0 0 0 0 2 O O O O O I 
1 . 9 0 0 0 0 0 5 0 0 0 0 0 3 0 0 0 0 0 2 O O O O O I o o o o o i 
2 . 0 0 0 0 0 0 4 0 0 0 0 0 2 0 0 0 0 0 2 O O O O O I o o o o o i 
2 . 1 0 0 0 0 0 3 0 0 0 0 0 2 0 0 0 0 0 1 0 0 0 0 0 1 o o o o o i 
2 . 2 C 0 0 0 0 2 0 0 0 0 0 1 o o o o o i O O O O O I o o o o o o 
2 . 3 0 0 0 0 0 2 0 0 0 0 0 1 0 0 0 0 0 1 O O O O O I o o o o o o 
2 .4 0 0 0 0 0 1 0 0 0 0 0 1 O O O O O I O O O O O O o o o o o o 
2 . 5 0 0 0 0 0 1 o o o o o i o o o o o o O O O O O O o o o o o o 
2 . 6 0 0 0 0 0 1 0 0 0 0 0 1 o o o o o o O O O O O O o o o o o o 
2 . 7 0 0 0 0 0 1 o o o o o o o o o o o o o o o o o o o o o o o o 
A p p e n d i x 3. 
N B S T a b l e 
r - 0 . 4 5 
0 . 0 0 . 1 0 . 2 0 . 3 0 . 4 0 . 5 0 . 6 0 . 7 0 . 8 
0 . 0 3 2 4 2 8 8 3 0 3 9 7 4 2 8 3 0 7 1 2 6 1 8 1 0 2 4 0 4 3 2 2 1 9 1 8 2 1 9 8 3 0 0 1 7 6 0 1 4 1 5 8 5 3 0 
0 .1 3 0 3 9 7 4 2 8 5 4 3 8 2 6 6 2 9 5 2 4 6 7 5 5 2 2 7 0 3 9 2 0 7 3 7 5 1 8 7 9 8 7 1 6 9 0 9 1 1 5 0 8 8 4 
0 • 2 2 8 3 0 7 1 2 6 6 2 9 5 2 4 8 9 0 5 2 3 1 0 8 9 2 1 3 0 4 6 1 9 4 9 9 0 1 7 7 1 2 4 1 5 9 6 5 1 1 4 2 7 5 9 
0 . 3 2 6 1 8 1 0 2 4 6 7 5 5 2 3 1 0 8 9 2 1 4 9 7 9 1 9 8 6 0 3 1 3 2 1 5 2 1 6 5 8 1 7 1 4 9 7 8 3 1 3 4 2 2 9 
0 . 4 2 4 0 4 3 2 2 2 7 0 3 9 2 1 3 0 4 8 1 9 8 6 0 3 183864 1 6 9 0 0 0 1 5 4 1 8 5 1 3 9 5 9 0 1 2 5 3 8 0 
0 • 3 2 1 9 1 8 2 2 0 7 3 7 5 1 9 4 9 9 0 1 8 2 1 5 2 169000 1 5 5 6 8 4 1 4 2 3 6 1 1 2 9 1 8 6 1 1 6 3 0 9 
0 • 6 1 9 8 3 0 0 187987 1 7 7 1 2 4 1 6 5 3 1 7 154185 142361 1 3 0 4 8 3 1 18691 1 0 7 1 2 0 
0 • 7 1 7 8 0 1 4 169091 159651 1 4 9 7 8 3 1 3 9 5 9 0 1 2 9 1 8 6 118691 1 0 8 2 2 9 0 9 7 9 2 3 
0 . 8 1 5 8 5 3 0 150884 1 4 2 7 5 9 1 3 4 2 2 9 125380 1 1 6 3 0 9 1 0 7 1 2 0 0 9 7 9 2 3 0 8 8 8 2 5 
0 . 9 1 4 0 0 2 9 1 3 3 5 4 0 1 2 6 6 1 5 1 1 9 3 1 2 111704 1 0 3 8 7 0 0 9 5 9 0 1 0 8 7 6 8 9 0 7 9 9 3 2 
1 IO 12 2 6 5 8 117207 1 1 1 3 6 2 1 0 5 1 7 2 0 9 8 6 9 3 0 9 1 9 9 3 0 8 5 1 4 8 0 7 8 2 3 6 0 7 1 3 4 1 
1 i l 1 0 6 5 3 2 1 0 1 9 9 9 0 9 7 1 1 6 0 9 1 9 2 1 0 8 6 4 5 9 0 8 0 7 8 5 0 7 4 9 6 2 0 6 9 0 5 6 0 6 3 1 3 9 
1 • 2 0 9 1 7 2 9 0 8 7 9 9 6 0 6 3 9 6 1 0 7 9 6 4 5 0 7 5 0 8 7 0 7 0 3 3 0 0 6 5 4 2 6 0 6 0 4 2 9 0 5 5 4 0 1 
1 • 3 0 7 8 2 9 4 0 7 5 2 5 5 0 7 1 9 5 1 0 6 8 4 0 3 0 6 4 6 3 7 0 6 0 6 9 0 0 5 6 6 0 1 0 5 2 4 1 6 0 4 8 1 8 6 
1 • 4 0 6 6 2 3 5 0 6 3 7 8 6 0 6 1 1 1 0 0 5 8 2 2 3 0 5 5 1 4 5 0 5 1 9 0 3 0 4 8 5 2 9 0 4 5 0 6 0 0 4 1 5 3 6 
1 . 5 0 5 5 5 3 1 0 5 3 5 7 9 0 5 1 4 3 5 0 4 9 1 1 1 0 4 6 6 2 1 0 4 3 9 8 6 0 4 1 2 3 0 0 3 8 3 6 4 0 3 5 4 8 0 
1 • 6 0 4 6 1 3 6 0 4 4 5 9 6 0 4 2 8 9 7 0 4 1 0 4 6 0 3 9 0 5 3 0 3 6 9 3 4 0 3 4 7 0 8 0 3 2 3 9 7 0 3 0 0 2 7 
1 • 7 0 3 7 9 8 1 0 3 6 7 7 9 0 3 5 4 4 7 0 3 3 9 8 9 0 3 2 4 1 1 0 3 0 7 2 5 0 2 3 9 4 5 0 2 7 0 3 8 0 2 5 1 7 6 
1 . 8 0 3 0 9 7 9 0 3 0 0 5 2 0 2 9 0 1 9 0 2 7 8 8 2 0 2 6 6 4 6 0 2 5 3 2 0 0 2 3 9 1 2 0 2 2 4 3 6 0 2 0 9 0 9 
1 . 9 0 2 5 0 3 4 0 2 4 3 2 6 0 2 3 5 3 4 0 2 2 6 5 8 0 2 1 7 0 1 0 2 0 6 6 7 0 1 9 5 6 6 0 1 8 4 0 6 0 1 7 2 0 0 
2 • 0 0 2 0 0 4 1 0 1 9 5 0 7 0 1 8 9 0 6 0 1 8 2 3 8 0 1 7 5 0 5 0 1 6 7 0 9 0 1 5 8 5 7 0 1 4 9 5 5 0 1 4 0 1 2 
2 • 1 0 1 5 8 9 3 0 1 5 4 9 4 0 1 5 0 4 4 0 1 4 5 4 0 0 1 3 9 8 5 0 1 3 3 7 9 0 1 2 7 2 7 0 1 2 0 3 3 0 1 1 3 0 4 
2 • 2 0 1 2 4 8 5 0 1 2 1 9 1 0 1 1 8 5 6 0 1 1 4 8 1 0 1 1 0 6 5 0 1 0 6 0 9 0 1 0 1 1 5 0 0 9 5 8 8 0 0 9 0 3 1 
2 . 3 0 0 9 7 1 4 0 0 9 5 0 0 0 0 9 2 5 5 0 0 8 9 7 8 0 0 8 6 7 0 0 0 8 3 3 0 0 0 7 9 6 1 0 0 7 5 6 4 0 0 7 1 4 3 
2 • 4 0 0 7 4 8 7 0 0 7 3 3 2 0 0 7 1 5 5 0 0 6 9 5 3 0 0 6 7 2 7 0 0 6 4 7 7 0 0 6 2 0 4 0 0 5 9 0 9 0 0 5 5 9 4 
2 • 5 0 0 5 7 1 5 00 5605 0 0 5 4 7 8 0 0 5 3 3 2 0 0 5 1 6 9 0 0 4 9 8 7 0 0 4 7 8 7 0 0 4 5 7 0 0 0 4 3 3 8 
2 . 6 0 0 4 3 2 1 0 0 4 2 4 3 0 0 4 1 5 3 0 0 4 0 5 0 0 0 3 9 3 3 0 0 3 8 0 2 0 0 3 6 5 7 0 0 3 5 0 0 0 0 3 3 3 0 
2 • 7 0 0 3 2 3 5 003181 0 0 3 1 1 8 0 0 3 0 4 5 0 0 2 9 6 3 0 0 2 8 7 0 0 0 2 7 6 6 0 0 2 6 5 3 0 0 2 5 3 0 
2 • a 0 0 2 3 9 9 0 0 2 3 6 2 0 0 2 318 0 C 2 2 6 8 0 0 2 2 1 0 0 0 2 1 4 * 0 0 2 0 7 1 0 0 1 9 9 1 0 0 1 9 0 3 
2 . 9 0 0 1 7 6 2 0 0 1 7 3 7 0 0 1 7 0 7 0 0 1 6 7 2 0 0 1 6 3 2 0 0 1 5 8 7 0 0 1 5 3 6 0 0 1 4 7 9 0 0 1 4 1 7 
3 • 0 0 0 1 2 8 2 0 0 1 2 6 5 0 0 1 2 4 5 0 0 1 2 2 1 0 0 1 1 9 4 0 0 1 1 6 2 001 127 0 0 1 0 8 8 0 0 1 0 4 5 
3 4 i 0 0 0 9 2 3 0 0 0 9 1 2 0 0 0 8 9 9 0 0 0 8 8 3 0 0 0 8 6 4 0 0 0 8 4 3 0 0 0 8 1 9 0 0 0 7 9 2 0 0 0 7 6 2 
J • 2 0 0 0 6 5 9 000651 0 0 0 6 4 2 0 0 0 6 3 2 0 0 0 6 1 9 0 0 0 6 0 5 0 0 0 5 8 9 0 0 0 5 7 1 0 0 0 5 5 0 
3 • 3 0 0 0 4 6 5 0 0 0 4 6 1 0 0 0 4 5 5 0 0 0 4 4 8 0 0 0 4 4 0 0 0 0 4 3 0 0 0 0 4 1 9 0 0 0 4 0 7 0 0 0 3 9 3 
3 . 4 0 0 0 3 2 6 000 323 0 0 0 3 1 9 0 0 0 3 1 4 0 0 0 3 0 9 0 0 0 3 0 3 0 0 0 2 9 6 0 0 0 2 8 8 0 0 0 2 7 0 
3 . 5 0 0 0 2 2 6 0 0 0 2 2 4 0 0 0 2 2 1 0 0 0 2 1 8 0 0 0 2 1 5 0 0 0 2 1 1 0 0 0 2 0 6 0 0 0 2 0 1 0 0 0 1 9 5 
3 • 6 0 0 0 1 5 5 0 0 0 1 5 4 0 0 0 1 5 2 0 0 0 1 5 0 0 0 0 1 4 8 0 0 0 1 4 6 0 0 0 1 4 3 0 0 0 1 3 9 0 0 0 1 3 5 
3 • 7 0 0 0 1 0 5 0 0 0 1 0 4 0 0 0 1 0 3 0 0 0 1 0 2 0 0 0 1 0 1 0 0 0 0 9 9 0 0 0 0 9 7 0 0 0 0 9 5 0 0 0 0 9 3 
3 •a 0 0 0 0 7 1 0 0 0 0 7 0 0 0 0 0 7 0 0 0 0 0 6 9 0 0 0 0 6 6 0 0 0 0 6 7 0 0 0 0 6 6 0 0 0 0 6 5 0 0 0 0 6 3 
3 • 0 0 0 0 0 4 7 0 0 0 0 4 7 0 0 0 0 4 7 0 0 0 0 4 6 0 0 0 0 4 6 0 0 0 0 4 5 0 0 0 0 4 4 0 0 0 0 4 3 0 0 0 0 4 2 
4 • 0 0 0 0 0 3 1 0 0 0 0 3 1 0 0 0 0 3 1 0 0 0 0 3 0 0 0 0 0 3 0 0 0 0 0 3 0 0 0 0 0 2 0 0 0 0 0 2 9 0 0 0 0 2 0 
(Continued) 
C o m p u t e d 
\ H 0 . 0 0 .1 0 . 2 0 . 3 
K \ 
0 . 0 324270 303956 263053 261792 
0.1 303963 285427 266284 246744 
0 . 2 283053 266282 248892 231076 
0.3 261797 246742 23'076 2*4966 
0 . 4 240415 227023 213032 198587 
0 . 5 2 1 9 1 7 1 207364 194979 182*41 
0 .6 I 98287 187974 177111 165803 
0.7 1 /8002 169073 159638 149771 
0.8 158514 150868 142743 131213 
0 . 9 140019 133530 126605 119302 
1.0 122645 H 7 " 9 4 111350 105160 
1.1 106521 101988 097105 091910 
1.2 091725 087994 083957 079641 
1.3 078292 075253 071949 068400 
1.4 066233 063764 061109 058222 
1 .5 055530 053577 051434 049110 
1.6 046135 044595 042896 041045 
1.7 037980 036778 035446 033988 
1 .8 030978 030051 029018 027881 
1.9 025033 024325 023533 022657 
2.0 020040 019506 018905 018237 
2.1 015892 015494 015043 014539 
2.2 012484 012190 011856 0H480 
2.3 009714 009499 009254 008977 
2.4 007486 007331 0 0 / 1 5 4 006952 
2.5 005714 005604 005477 005332 
2 . 6 004320 004242 004152 004049 
2 . 7 003235 003181 003117 003045 
2.8 002399 002361 002318 002267 
2.9 001762 001736 001706 001671 
3.0 001281 001264 001244 001220 
3.1 000923 000911 OOO898 000882 
3 .2 000658 000651 000642 000631 
3.3 000465 000460 000454 000447 
3.4 000325 000322 000318 000314 
3.5 000225 000223 000221 000218 
3.6 000154 000153 000151 000150 
3.7. 000104 000104 000103 000102 
3.8 000070 000070 000069 000068 
3.9 000046 000046 000046 000045 
R = 0 . 4 5 
0 . 4 0 . 5 0 . 6 0 . 7 0 . 8 
240414 219164 198282 177996 15B512 
227028 207364 187976 1690S0 150872 
213035 194977 1 7 7 m 159633 142745 
198590 182139 165804 149770 13^216 
183848 168984 154169 130574 125364 
168989 155673 142350 129175 116298 
154172 142348 130470 118677 107107 
139578 129173 HS678 108216 097910 
125364 116293 107104 097907 03S3O9 
1 H 6 9 3 10386O 095890 087379 079922 
098681 091981 0 b 5 * 3 5 073224 071328 
086448 080774 074951 069045 063123 
075083 070326 065421 C60425 055397 
064635 060637 056599 052414 048183 
055143 051901 043527 045058 041535 
046620 043984 041229 038383 035478 
039052 036933 034707 032396 030026 
032410 030724 028944 027038 025175 
026646 025319 023911 022436 020903 
021700 020667 019565 018406 017199 
017504 016708 015856 014954 014011 
013984 013378 012726 012032 O H 3 0 4 
011064 0106C3 010115 009537 009030 
008669 008330 007960 007564 007i42 
006726 006477 006203 005908 C05594 
005168 004986 004786 004569 004337 
003932 003<?0i 003656 003499 003329 
002962 002869 002765 OC2652 002529 
002209 002144 002071 001990 00*902 
001631 001586 001535 001478 00i4i6 
001193 001162 0 0 H 2 6 001087 00*044 
000863 000842 OOO818 000791 000761 
000619 000605 000588 000570 000550 
000439 000430 000419 000406 000393 
000308 000302 000295 000287 000273 
000214 000210 000206 000200 000194 
000147 000145 000142 0C013B 000134 
000100 000099 000097 000095 000092 
000067 000066 000065 000064 000062 
000045 000044 000044 000043 000042 
4.0 000030 000030 000030 000030 000029 000029 000029 000028 000028 
A p p e n d i x 3. 
N B S T a b l e 
r - 0 . 4 5 
— « 
0 * 9 1 .0 1 .1 1.2 1 . 3 1.4 1.5 1 . 6 1.7 
0 1 4 0 0 2 9 1 2 2 6 5 8 1 0 6 5 3 2 0 9 1 7 2 9 0 7 8 2 9 4 0 6 6 2 3 5 0 5 5 5 3 1 0 4 6 1 3 6 0 3 7 9 8 1 
0 • T 1 3 3 5 4 0 117207 1 0 1 9 9 9 0 8 7 9 9 8 0 7 5 2 5 5 0 6 3 7 8 6 0 5 3 5 7 9 0 4 4 5 9 6 0 3 6 7 7 9 0 .2 1 2 6 6 1 5 1 1 1 3 6 2 0 9 7 1 1 6 0 8 3 9 6 1 0 7 1 9 5 1 0 6 1 1 1 0 0 5 1 4 3 5 0 4 2 8 9 7 0 3 5 4 4 7 0 • 3 1 1 9 3 1 2 1 0 5 1 7 2 0 9 1 9 2 1 0 7 9 6 4 5 0 6 8 4 0 3 0 5 8 2 2 3 0 4 9 1 1 1 0 4 1 0 4 6 0 3 3 9 8 9 
0 »4 1 1 1 7 0 4 0 9 8 6 9 3 0 8 6 4 5 9 0 7 5 0 8 7 0 6 4 6 3 7 0 5 5 1 4 5 0 4 6 6 2 1 0 3 9 0 5 3 0 3 2 4 1 1 
0 • 5 1 0 3 8 7 0 0 9 1 9 9 3 0 8 0 7 8 5 0 7 0 3 3 0 0 6 0 6 9 0 0 5 1 9 0 3 0 4 3 9 8 6 0 3 6 9 3 4 0 3 0 7 2 5 
0 • 6 0 9 5 9 0 1 0 8 5 1 4 8 0 7 4 9 6 2 0 6 5 4 2 6 0 5 6 6 0 1 0 4 8 5 2 9 0 4 1 2 3 0 0 3 4 7 0 8 0 2 8 9 4 5 0 . 7 0 8 7 8 8 9 0 7 8 2 3 6 0 6 9 0 5 6 0 6 0 4 2 9 0 5 2 4 1 6 0 4 5 0 6 0 0 3 8 3 8 4 0 3 2 3 9 7 0 2 7 0 8 8 
0 . 8 0 7 9 9 3 2 0 7 1 3 4 1 0 6 3 1 3 9 0 5 5 4 0 1 0 4 8 1 8 6 0 4 1 5 3 6 0 3 5 4 8 0 0 3 0 0 2 7 0 2 5 1 7 6 
0 . 9 0 7 2 1 2 0 0 6 4 5 4 3 0 5 7 2 8 0 0 5 0 4 0 0 0 4 3 9 5 9 0 3 8 0 0 0 0 3 2 5 5 1 0 2 7 6 2 7 0 2 3 2 2 9 
1 . 0 0 6 4 5 4 3 0 5 7 9 2 2 0 5 1 5 4 9 0 4 5 4 8 6 0 3 9 7 8 7 0 3 4 4 9 4 0 2 9 6 3 4 0 2 5 2 2 5 0 2 1 2 7 2 1 • 1 0 5 7 2 8 0 0 5 1 5 4 9 0 4 6 0 0 8 0 4 0 7 1 5 0 3 5 7 1 9 0 3 1 0 5 9 0 2 6 7 6 3 0 2 2 8 5 0 0 1 9 3 2 7 1 . 2 0 5 0 4 0 0 0 4 5 4 8 6 0 4 0 7 1 5 0 3 6 1 3 8 0 3 1 7 9 8 0 2 7 7 3 4 0 2 3 9 7 1 0 2 0 5 2 9 0 1 7 4 1 6 
1 . 3 0 4 3 9 5 9 0 3 9 7 8 7 0 3 5 7 1 9 0 3 1 7 9 8 0 2 8 0 6 6 0 2 4 5 5 4 0 2 1 2 8 9 0 1 8 2 9 0 0 1 5 5 6 8 1 • 4 0 3 8 0 0 0 0 3 4 4 9 4 0 3 1 0 5 9 0 2 7 7 3 4 0 2 4 5 5 4 0 2 1 5 4 9 0 1 8 7 4 3 0 1 6 1 5 4 0 1 3 7 9 5 1 • 5 0 3 2 5 5 1 0 2 9 6 3 4 0 2 6 7 6 3 0 2 3 9 7 1 0 2 1 2 6 9 0 1 8 7 4 3 0 1 6 3 5 5 0 1 4 1 4 2 0 1 2 1 1 6 1 • 6 0 2 7 6 2 7 0 2 5 2 2 5 0 2 2 8 5 0 0 2 0 5 2 9 0 1 8 2 9 0 0 1 6 1 5 4 0 1 4 1 4 2 0 1 2 2 6 9 0 1 0 5 4 7 1 . 7 0 2 3 2 2 9 0 2 1 2 7 2 0 1 9 3 2 7 0 1 7 4 1 8 0 1 5 5 6 8 0 1 3 7 9 5 0 1 2 1 1 6 0 1 0 5 4 7 0 0 9 0 9 7 
1 . 8 C 1 9 3 4 7 0 1 7 7 6 9 0 1 6 1 9 3 0 1 4 6 3 9 0 1 3 1 2 6 01 1669 0 1 0 2 8 3 0 0 8 9 8 1 0 0 7 7 7 3 1 . 9 0 1 5 9 6 0 0 1 4 7 0 0 0 1 3 4 3 8 0 1 2 1 8 6 0 1 0 9 6 1 0 0 9 7 7 6 0 0 8 6 4 4 0 0 7 5 7 6 0 0 6 5 7 9 
2 . 0 0 1 3 0 3 8 0 1 2 C 4 5 0 1 1 0 4 3 0 1 0 0 4 6 0 0 9 0 6 5 0 0 8 1 1 2 0 0 7 1 9 7 0 0 6 3 2 9 0 0 5 5 1 5 IN
 . 1 0 1 0 5 4 8 0 0 9 7 7 2 0 0 8 9 8 7 0 0 8 2 0 1 0 0 7 4 2 4 0 0 6 6 6 5 0 0 5 9 3 3 0 0 5 2 3 5 0 0 4 5 7 8 
2 • 2 0 0 8 4 5 0 0 0 7 8 5 1 0 0 7 2 4 1 0 0 6 6 2 8 0 0 6 0 1 9 0 0 5 4 2 2 0 0 4 8 4 3 0 0 4 2 8 8 0 0 3 7 6 3 2 • 3 0 0 6 7 0 2 0 0 6 2 4 5 0 0 5 7 7 7 0 0 5 3 0 4 0 0 4 8 3 2 0 0 4 3 6 7 0 0 3 9 1 3 0 0 3 4 7 7 0 0 3 0 6 2 2 .4 0 0 5 2 6 3 0 0 4 9 1 7 0 0 4 5 6 2 0 0 4 2 0 2 0 0 3 8 4 0 0 0 3 4 8 2 0 0 3 1 3 1 0 0 2 7 9 1 0 0 2 4 6 7 2 • 5 0 0 4 0 9 1 0 0 3 8 3 3 0 0 3 5 6 7 0 0 3 2 9 5 0 0 3 0 2 1 0 0 2 7 4 8 0 0 2 4 7 9 0 0 2 2 1 8 0 0 1 9 6 7 
2 . 6 0 0 3 1 4 9 0 0 2 9 5 8 0 0 2 7 6 1 0 0 2 5 5 8 0 0 2 3 5 2 0 0 2 1 4 7 0 0 1 9 4 3 0 0 1 7 4 4 0 0 1 5 5 3 
2 . 7 0 0 2 3 9 9 0 0 2 2 6 0 0 0 2 1 1 5 0 0 1 9 6 5 0 0 1 8 1 3 0 0 1 6 6 0 0 0 1 5 0 7 0 0 1 3 5 8 0 0 1 2 1 3 2 . 8 0 0 1 8 0 9 0 0 1 7 0 9 0 0 1 6 0 4 0 0 1 4 9 5 0 0 1 3 8 3 0 0 1 2 7 0 0 0 1 1 5 7 0 0 1 0 4 6 0 0 0 9 3 8 2 . 9 0 0 1 3 5 0 0 0 1 2 7 9 0 0 1 2 0 3 0 0 1 1 2 5 0 0 1 0 4 4 0 0 0 9 6 2 0 0 0 8 7 9 0 0 0 7 9 7 0 0 0 7 1 7 
3 . 0 0 0 0 9 9 8 00C947 0 0 0 8 9 4 0 0 0 8 3 8 0 0 0 7 8 0 0 0 0 7 2 1 0 0 0 6 6 1 0 0 0 6 0 2 0 0 0 5 4 3 
3 • 1 0 0 0 7 3 0 0 0 0 6 9 5 0 0 0 6 5 7 0 0 0 6 1 8 0 0 0 5 7 7 0 0 0 5 3 5 0 0 0 4 9 2 0 0 0 4 4 9 0 0 0 4 0 7 3 .2 0 0 0 5 2 8 0 0 0 5 0 4 0 C 0 4 7 8 0 0 0 4 5 1 0 0 0 4 2 2 0 0 0 3 9 2 0 0 0 3 6 2 0 0 0 3 3 2 0 0 0 3 0 1 3 . 3 0 C 0 3 7 8 0C0362 0 0 0 3 4 4 0 0 0 3 2 S 0 0 0 3 0 5 0 0 O 2 e 5 0 0 0 2 6 4 0 0 0 2 4 2 0 0 0 2 2 1 
3 .4 0 0 0 2 6 8 0 0 0 2 5 7 0 0 0 2 4 5 0 0 0 2 3 2 0 0 0 2 1 9 0 0 0 2 0 5 0 0 0 1 9 0 0 0 0 1 7 5 0 0 0 1 6 0 
3 .5 C 0 0 1 8 8 0 0 0 1 8 1 0 0 0 1 7 3 0 0 0 1 6 4 0 0 0 1 5 5 0 0 0 1 4 6 0 0 0 1 3 6 0 0 0 1 2 5 0 0 0 1 1 5 
3 • 6 0 0 0 1 3 1 C 0 0 1 2 6 0 0 0 1 2 1 0 0 0 1 1 5 0 0 0 1 0 9 0 0 0 1 0 2 0 0 0 0 9 6 0 0 0 0 8 9 0 0 0 0 8 2 3 . 7 0 0 0 0 9 0 00C087 0 0 0 0 8 3 0 0 0 0 8 0 0 0 0 0 7 6 0 0 0 0 7 1 0 0 0 0 6 7 0 0 0 0 6 2 0 0 0 0 5 7 
3 . 8 0 0 0 0 6 1 C 0 0 0 5 9 0 0 0 0 5 7 0 0 0 0 5 5 0 0 0 0 5 2 0 0 0 0 4 9 0 0 0 0 4 6 0 0 0 0 4 3 0 0 0 0 4 0 
3 . 9 0 0 0 0 4 1 0 0 0 0 4 0 0 0 0 0 3 9 0 0 0 0 3 7 0 0 0 0 3 5 0 0 0 0 3 3 0 0 0 0 3 1 0 0 0 0 2 9 0 0 0 0 2 7 
4 • 0 0 0 0 0 2 7 0 0 0 0 2 7 0 0 0 0 2 6 0 0 0 0 2 3 0 0 0 0 2 4 0 0 0 0 2 3 0 0 0 0 2 1 0 0 0 0 2 0 0 0 0 0 1 9 
C o m p u t e d 
4.0 000027 000026 000025 000024 000023 000022 000021 000019 000018 
R = 0.45 
\H 0.9 '.0 I.I 1.2 1.3 1.4 1.5 1.6 1.7 
0.0 14001* 122640 106514 0917^ 078276 066217 055513 046118 037963 O.I 133529 H7195 101987 087987 075244 063775 053568 044585 036768 0.2 126602 111349 097103 083949 071933 061097 051422 042884 035434 
0.3 119299 105159 091908 079632 068390 058210 049098 041033 033976 0.4 111687 C98677 036443 075071 064621 055129 046605 039037 032395 
0.5 103859 091982 080774 0703̂  060678 051892 043975 036923 030714 0.6 095397 085134 074948 065412 056587 048515 041217 034694 028931 0.7 067377 073223 069044 0604*7 052404 045047 033372 032384 027076 0.8 079916 071325 063123 055385 048170 041520 035464 030011 025160 0.9 072H0 064533 057270 050390 043949 037990 032541 027617 023219 
1.0 064531 057910 051537 045474 039775 034481 029622 025213 021260 1.1 057269 051539 045997 040704 035708 03,048 026752 022839 019316 1.2 050396 045482 040711 036134 031794 027730 023967 020525 017414 1.3 043957 039785 035717 031796 028064 024552 021287 018288 015566 1.4 03799S 034492 031057 027732 024552 021547 018742 016153 013793 
1.5 032550 029633 026762 023970 021288 018742 016354 014141 012115 1.6 027626 025224 022349 020528 018289 016153 014141 012269 010546 1.7 023228 021271 019326 017417 015567 013794 012115 010546 009096 
1.8 019346 017768 016192 014638 013125 011668 01Q282 OO896I 007772 1.9 D5959 014700 013437 012185 010960 009775 008643 007575 006579 
2.0 013037 012044 011042 010045 009064 008 M 007196 006328 005515 2.1 010547 G09772 OO8986 003200 007423 006664 005912 005214 004578 2.2 0U34H9 007350 007240 006627 OO6O19 005421 004842 004287 003762 2.3 006701 006244 005776 005303 004831 004366 003913 003476 003062 2.4 005262 004917 C04562 004201 003639 003481 003130 002791 002466 
2.5 004Q90 003:133 003566 003294 003020 002747 002478 002217 001966 2.6 003'48 002958 002760 002557 002352 002146 001942 001744 001552 2.7 002198 002259 00?H4 001965 001812 001659 001507 001357 001212 2.3 00*308 001708 001603 001494 001382 001269 001157 001045 000937 2.9 001350 001278 001203 001124 001043 000961 000879 000797 000717 
3.0 000997 000947 000393 OOO837 000779 000720 000G60 000601 000542 
3.1 000729 000694 OOO656 OOO617 000576 000534 000491 000448 000406 3.2 000527 000503 OCC477 000450 000421 000392 OOO36I 000331 000301 3.3 OG0373 000361 000343 000325 000305 000284 000263 000242 000220 3.4 000263 000257 000245 000232 000218 000204 OOOI89 000175 000160 3.5 000'88 000130 000172 000164 000154 000145 000135 000125 000114 3.6 OOO13O 000125 000120 OOOI14 000108 000102 000095 000088 000081 3.7 000039 000086 000083 000079 000075 000071 000066 000061 000057 3.8 000061 000058 000056 000054 000051 000048 000045 000042 000039 3.9 000041 000039 OOOO38 000036 OOOO35 000033 000031 000029 000027 
A p p e n d i x 3. 
NBS T a b l e 
r - 0 . 4 5 
\ h 
k \ 1 . 6 1 . 9 2 . 0 2 . 1 2 . 2 2 . 3 2 . 4 2 . 5 2 . 6 
0 • 0 0 3 0 9 7 9 0 2 5 0 3 4 0 2 0 0 4 1 0 1 5 8 9 3 0 1 2 4 8 5 0 0 9 7 1 4 0 0 7 4 8 7 0 0 5 7 1 5 0 0 4 3 2 1 
0 • 1 0 3 0 0 5 2 0 2 4 3 2 6 0 1 9 5 0 7 0 1 5 4 9 4 0 1 2 1 9 1 0 0 9 5 0 0 0 0 7 3 3 2 0 0 5 6 0 5 0 0 4 2 4 3 
0 . 2 0 2 9 0 1 9 0 2 3 5 3 4 0 1 8 9 0 6 0 1 5 0 4 4 0 1 1 8 5 6 0 0 9 2 5 5 0 0 7 1 5 5 0 0 5 4 7 8 0 0 4 1 5 3 
0 . 3 0 2 7 8 8 2 0 2 2 6 5 8 0 1 8 2 3 8 0 1 4 5 4 0 0 1 1 4 8 1 0 0 8 9 7 8 0 0 6 9 5 3 0 0 5 3 3 2 0 0 4 0 5 0 
0 . 4 0 2 6 6 4 6 0 2 1 7 0 1 0 1 7 505 0 1 3 9 8 5 0 1 1 0 6 5 0 0 0 6 7 0 0 0 6 7 2 7 0 0 5 1 6 9 0 0 3 9 3 3 
0 • 5 0 2 5 3 2 0 0 2 0 6 6 7 0 1 6 7 0 9 0 1 3 3 7 9 0 1 0 6 0 9 0 0 8 3 3 0 0 0 6 4 7 7 0 0 4 9 8 7 0 0 3 8 0 2 
0 • 6 0 2 3 9 1 2 0 1 9 5 6 6 0 1 5 8 5 7 0 1 2 7 2 7 0 1 0 1 1 5 0 0 7 9 6 1 0 0 6 2 0 4 0 0 4 7 8 7 0 0 3 6 5 7 
0 i 7 0 2 2 4 3 6 0 1 8 4 0 6 0 1 4 9 5 5 0 1 2 0 3 3 0 0 9 5 8 8 0 0 7 5 6 4 0 0 5 9 0 9 0 0 4 5 7 0 0 0 3 5 0 0 
0 . 6 0 2 0 9 0 9 0 1 7 2 0 0 0 1 4 0 1 2 0 1 1 3 0 4 0 0 9 0 3 1 0 0 7 1 4 3 0 0 5 5 9 4 0 0 4 3 3 8 0 0 3 3 3 0 
0 . 9 0 1 9 3 4 7 0 1 5 9 6 0 0 1 3 0 3 8 0 1 0 5 4 8 0 0 8 4 5 0 0 0 6 7 0 2 0 0 5 2 6 3 0 0 4 0 9 1 0 0 3 1 4 9 
1 • 0 0 1 7 7 6 9 0 1 4 7 0 0 0 1 2 0 4 5 0 0 9 7 7 2 0 0 7 8 5 1 0 0 6 2 4 5 0 0 4 9 1 7 0 0 3 8 3 3 0 0 2 9 5 8 
1 • 1 0 1 6 1 9 3 0 1 3 4 3 8 0 1 1 0 4 3 0 0 8 9 8 7 0 0 7 2 4 1 0 0 5 7 7 7 0 0 4 5 6 2 0 0 3 5 6 7 0 0 2 7 6 1 
1 . 2 0 1 4 6 3 9 0 1 2 1 8 6 0 1 0 0 4 6 0 0 8 2 0 1 0 0 6 6 2 8 0 0 5 3 0 4 0 0 4 2 0 2 0 0 3 2 9 5 0 0 2 5 5 8 
1 • 3 0 1 3 1 2 6 0 1 0 9 6 1 0 0 9 0 6 5 0 0 7 4 2 4 0 0 6 0 1 0 0 0 4 8 3 2 0 0 3 8 4 0 0 0 3 0 2 1 0 0 2 3 5 2 
t • 4 0 1 1 6 6 9 0 0 9 7 7 6 0 0 8 1 1 2 • 0 0 6 6 6 5 0 0 5 4 2 2 0 0 4 3 6 7 0 0 3 4 8 2 0 0 2 7 4 8 0 0 2 1 4 7 
1 • 5 0 1 0 2 8 3 0 0 8 6 4 4 0 0 7 1 9 7 0 0 5 9 3 3 0 0 4 8 4 3 0 0 3 9 1 3 0 0 3 1 3 1 0 0 2 4 7 9 0 0 1 9 4 3 
1 . 6 0 0 8 9 8 1 0 0 7 5 7 6 0 0 6 3 2 9 0 0 5 2 3 5 0 0 4 2 8 8 0 0 3 4 7 7 0 0 2 7 9 1 0 0 2 2 1 8 0 0 1 7 4 4 
1 »7 0 0 7 7 7 3 0 0 6 5 7 9 0 C 5 5 1 5 0 0 4 5 7 8 0 0 3 7 6 3 0 0 3 0 6 2 0 0 2 4 6 7 0 0 1 9 6 7 0 0 1 5 5 3 
1 . 6 0 0 6 6 6 5 0 0 5 6 6 1 0 0 4 7 6 3 0 0 3 9 6 8 0 0 3 2 7 3 0 0 2 6 7 3 0 0 2 1 6 1 0 0 1 7 2 9 0 0 1 3 7 0 
1 . 9 0 0 5 6 6 1 0 0 4 8 2 6 0 0 4 0 7 4 0 0 3 4 0 6 0 0 2 8 2 0 0 0 2 3 1 2 0 0 1 8 7 6 0 0 1 5 0 7 0 0 1 1 9 8 
2 . 0 0 0 4 7 6 3 0 0 4 0 7 4 0 0 3 4 5 2 0 0 2 8 9 7 0 0 2 4 0 7 0 0 1 9 8 0 0 0 1 6 1 3 3 0 1 3 0 0 0 0 1 0 3 8 
2 t l 0 0 3 9 6 8 0 0 3 4 0 6 0 0 2 8 9 7 0 0 2 4 4 0 0 0 2 0 3 5 0 0 1 6 8 0 0 0 1 3 7 4 0 0 1 1 1 2 0 0 0 8 9 0 
2 . 2 0 0 3 2 7 3 0 0 2 8 2 0 0 0 2 4 0 7 0 0 2 0 3 5 0 C 1 7 0 3 0 0 1 4 1 2 0 0 1 1 5 9 0 0 0 9 4 1 0 0 0 7 5 7 
2 • 3 0 0 2 6 7 3 0 0 2 3 1 2 0 0 1 9 8 0 0 0 1 6 8 0 0 0 1 4 1 2 0 0 1 1 7 5 0 0 0 9 6 8 0 0 0 7 8 9 0 0 0 6 3 7 
2 . 4 0 0 2 1 6 1 0 0 1 8 7 6 0 0 1 6 1 3 0 0 1 3 7 4 0 0 1 1 5 9 0 0 0 9 6 8 0 0 0 8 0 0 0 0 0 6 5 5 0 0 0 5 3 1 
2 • 5 0 0 1 7 2 9 0 0 1 5 0 7 0 0 1 3 0 0 0 0 1 1 1 2 0 0 0 9 4 1 0 0 0 7 8 9 0 0 0 6 5 5 0 0 0 5 3 9 0 0 0 4 36 
2 . 6 0 0 1 3 7 0 0 0 1 1 9 8 0 C 1 0 3 8 0 0 0 8 9 0 0 0 0 7 5 7 0 0 0 6 3 7 000531 0 0 0 4 3 8 0 0 0 3 5 8 
2 . 7 C 0 1 0 7 4 0 0 0 9 4 2 0 0 0 8 1 9 0 0 0 7 0 6 0 0 0 6 0 2 0 0 0 5 0 9 0 0 0 4 2 6 0 0 0 3 5 3 0 0 0 2 8 9 
2 18 0 0 0 8 3 3 0 0 0 7 3 4 0 0 0 6 4 0 0 0 0 5 5 4 0 0 0 4 7 4 0 0 0 4 0 2 0 0 0 3 3 8 0 0 0 2 8 1 0 0 0 2 3 2 
2 . 9 0 0 0 6 4 0 0 0 0 5 6 5 0 0 0 4 9 5 0 0 0 4 3 0 0 0 0 3 7 0 0 0 0 3 1 5 0 0 0 2 6 6 0 0 0 2 2 2 0 0 0 1 8 3 
3 . 0 0 0 0 4 8 6 000431 0 0 0 3 7 9 0 0 0 3 3 0 0 0 0 2 8 5 0 0 0 2 4 4 0 0 0 2 0 6 0 0 0 1 7 3 0 0 0 1 4 4 
3 .1 0 0 0 3 6 5 0 0 0 3 2 5 0 0 0 2 8 7 0 0 0 2 5 1 0 0 0 2 1 8 0 C 0 1 8 7 0 0 0 1 5 9 0 0 0 1 3 4 0 0 0 1 1 1 
3 • 2 0 0 0 2 7 2 0 0 C 2 4 3 0 0 0 2 1 5 0 0 0 1 8 9 0 0 0 1 6 4 0 0 0 1 4 1 0 0 0 1 2 1 0 0 0 1 0 2 0 0 0 0 8 5 
3 . 3 0 0 0 2 0 0 0 0 0 1 7 9 0 0 0 1 5 9 0 0 0 1 4 0 0 0 0 1 2 3 0 0 0 1 0 6 0 0 0 0 9 1 0 0 0 0 7 7 0 0 0 0 6 5 
3 . 4 0 0 0 1 4 5 0 0 0 1 3 1 0 0 0 1 1 7 0 0 0 1 0 3 0 0 0 0 9 1 0 0 0 0 7 9 0 0 0 0 6 8 0 0 0 0 5 8 0 0 0 0 4 9 
3 . 5 0 0 0 1 0 5 0 0 0 0 9 5 0 0 0 0 6 5 0 0 0 0 7 5 0 0 0 0 6 6 0 0 0 0 5 8 0 0 0 0 5 0 0 0 0 0 4 3 0 0 0 0 3 6 
3 • 6 0 0 0 0 7 5 0 0 0 0 6 8 0 0 0 0 6 1 0 0 0 0 5 4 0 0 0 0 4 8 0 0 0 0 4 2 0 0 0 0 3 6 0 0 0 0 3 1 0 0 0 0 2 7 
3 • 7 0 0 0 0 5 3 0 0 0 0 4 6 0 0 0 0 4 3 0 0 0 0 3 9 0 0 0 0 3 4 0 0 0 0 3 0 0 0 0 0 2 6 0 0 0 0 2 3 0 0 0 0 1 9 
3 •a 0 0 0 0 3 7 0 0 0 0 3 3 0 0 0 0 3 0 0 0 0 0 2 7 0 0 0 0 2 4 0 0 0 0 2 1 0 0 0 0 1 9 0 0 0 0 1 6 0 0 0 0 1 4 
3 • 9 0 0 0 0 2 5 0 0 0 0 2 3 0 0 0 0 2 1 0 0 0 0 1 9 0 0 0 0 1 7 0 0 0 0 1 3 0 0 0 0 1 3 0 0 0 0 1 1 0 0 0 0 1 0 
4 • 0 0 0 0 0 1 7 0 0 0 0 1 6 0 0 0 0 1 4 0 0 0 0 1 3 0 0 0 0 1 2 0 0 0 0 1 0 0 0 0 0 0 9 0 0 0 0 0 8 0 0 0 0 0 7 
( C o n t i n u e d ) 
C o m p u t e d 
R = 0 . 4 5 
Ml 1 .8 1.9 2 . 0 2 .1 2 . 2 2 .3 2 . 4 2 . 5 2 . 6 
0 . 0 030961 025016 020023 015875 012467 OO9696 007469 005697 004303 
O.i 030041 024315 019496 015483 012180 009439 007321 005594 004232 
0 . 2 029006 023521 018893 015030 011843 009242 007141 005464 004140 
0 . 3 027869 022645 018225 014527 011468 008965 006940 005320 004037 
0 . 4 026630 021684 017488 013969 011049 008654 006711 005153 0039*7 
0 . 5 025308 020656 016698 073368 010598 OO8319 006466 004976 003791 
0 . 6 023898 019553 015844 012714 010102 007943 OO619 1 004774 003644 
0 . 7 022424 018394 014942 012021 009575 007552 005897 004553 003437 
0 .8 020393 017184 013996 011289 009015 007*27 005573 0C4322 0033*4 
0 . 9 019337 015950 013028 010538 008440 006692 005253 004081 003139 
1.0 017756 014688 012033 009760 
1.1 016182 013127 011032 008976 
1.2 014635 012182 010042 008197 
1.3 013124 010959 009063 007422 
1.4 Oi1667 009775 008110 006663 
1.5 010282 008643 007195 005932 
1.6 OO8981 007575 006328 005234 
1.7 007772 006579 005515 004578 
1.8 006664 005660 004762 003967 
1.9 005661 004825 004073 003406 
2.0 004762 004073 003451 002896 
2 .1 003967 003406 OO2896 002439 
2 . 2 0 0 3 2 / 2 002819 002406 002034 
2.3 002672 002311 001979 001680 
2.4 002160 001875 001612 001373 
2 . 5 001729 001506 001300 001111 
2.6 001369 001197 001037 000890 
2.7 001073 000942 000819 000705 
2.8 000332 000733 000640 000553 
2 . 9 000639 000565 000495 000429 
3 . 0 000485 000430 0003/8 000330 
3.1 000365 000325 000286 000250 
3.2 000271 000242 000214 000188 
3-3 000199 000179 000159 000140 
3.4 000145 000130 000116 000103 
3.5 000104 000094 000084 000075 
3.6 000074 000067 000060 000054 
3.7 000052 000047 000043 000038 
3.8 000036 000033 000030 000027 
3.9 000025 000023 000020 000018 
007839 006232 004905 O0J321 002946 
007230 005766 004552 003556 002750 
006624 005300 004198 00329* 002554 
006017 004830 003338 003019 002350 
005121 004365 003430 002747 002145 
004842 003912 003130 002473 001942 
004287 003476 002790 002217 001744 
003762 003062 002466 001966 001552 
003272 002672 002160 001/29 001369 
002819 002311 001875 001506 001197 
002406 001979 00*612 OOljOO 001037 
002034 001680 0013/3 0 0 H 1 1 000890 
OOI703 001411 001158 000941 000/56 
001411 00*174 000967 000739 000636 
00H58 000967 00C800 000655 000530 
000941 000739 000655 000538 000438 
000756 000636 000530 000438 000357 
000602 000508 000425 000352 C00239 
000474 000402 000337 000281 0 0 0 2 3 * 
000369 000314 000265 000221 000183 
000284 000243 000206 000172 000143 
000217 OOO186 000153 000133 0001*1 
000164 000141 000*20 000102 000085 
000122 000105 000090 000077 000064 
000090 000078 000067 000057 000048 
000066 000057 000049 000042 000036 
000047 000041 000036 000031 000026 
000034 000029 000026 000022 000019 
000024 000021 000018 000016 000013 
000016 000014 000013 000011 000009 
4.0 000017 000015 000014 000012 000011 000010 000009 000007 000006 CO 
A p p e n d i x 3. 
N B S T a b l e 
r . 0 . 4 5 \H K\ 2 . 7 2 . 6 2 . 9 3.0 3 . 1 3 . 2 3 . 3 3 . 4 3.5 
0 .0 0 0 3 2 3 5 0 0 2 3 9 9 0 0 1 7 6 2 0 0 1 2 8 2 0 0 0 9 2 3 0 0 0 6 5 9 0 0 0 4 6 5 0 0 0 3 2 6 0 0 0 2 2 6 0 .1 0 0 3 1 8 1 0 0 2 3 6 2 0 0 1 7 3 7 0 0 1 2 6 5 0 0 0 9 1 2 0 0 0 6 5 1 0 0 0 4 6 1 0 0 0 3 2 3 0 0 0 2 2 4 0 .2 0 0 3 1 1 8 0 0 2 3 1 8 0 0 1 7 0 7 0 0 1 2 4 5 0 0 0 8 9 9 0 0 0 6 4 2 0 0 0 4 5 5 0 0 0 3 1 9 0 0 0 2 2 1 0 . 3 0 0 3 0 4 5 0 0 2 2 6 8 0 0 1 6 7 2 0 0 1 2 2 1 0 0 0 8 8 3 0 0 0 6 3 2 0 0 0 4 4 8 0 0 0 3 1 4 0 0 0 2 1 8 0 . 4 0 0 2 9 6 3 0 0 2 2 1 0 0 0 1 6 3 2 0 0 1 1 9 4 0 0 0 8 6 4 0 0 0 6 1 9 0 0 0 4 4 0 0 0 0 3 0 9 0 0 0 2 1 5 
0 . 5 0 0 2 8 7 0 0 0 2 1 4 4 0 0 1 5 8 7 0 0 1 162 0 0 0 0 4 3 0 0 0 6 0 5 0 0 0 4 3 0 0 0 0 3 0 3 0 0 0 2 1 1 0 . 6 0 0 2 7 6 6 0 0 2 0 7 1 0 0 1 5 3 6 0 0 1 1 2 7 0 0 0 8 1 9 0 0 0 5 B 9 0 0 0 4 19 0 0 0 2 9 6 0 0 0 2 0 6 0 . 7 0 0 2 6 5 3 0 0 1 9 9 1 0 0 1 4 7 9 0 0 1 0 8 8 0 0 0 7 9 2 0 0 0 5 7 1 0 0 0 4 0 7 0 0 0 2 8 8 0 0 0 2 0 1 0 •A 0 0 2 5 3 0 0 0 1 9 0 3 0 0 1 4 1 7 0 0 1 0 4 5 0 0 0 7 6 2 0 0 0 5 5 0 0 0 0 3 9 3 0 0 0 2 7 8 0 0 0 1 9 3 0 .9 0 0 2 3 9 9 0 0 1 8 0 9 0 0 1 3 5 0 0 0 0 9 9 8 0 0 0 7 3 0 0 0 0 5 2 8 0 0 0 3 7 8 0 0 0 2 6 8 0 0 0 1 8 8 
1 .0 0 0 2 2 6 0 0 0 1 7 0 9 0 0 1 2 7 9 0 0 0 9 4 7 0 0 0 6 9 5 0 0 0 5 0 4 0 0 0 3 6 2 0 0 0 2 5 7 0 0 0 1 8 1 1 • 1 0 0 2 1 1 5 0 0 1 6 0 4 0 0 1 2 0 3 0 0 0 8 9 4 0 0 0 6 5 7 0 0 0 4 7 6 0 0 0 3 4 4 0 0 0 2 4 5 0 0 0 1 7 3 1 .2 0 0 1 9 6 5 0 0 1 4 9 5 0 0 1 1 2 5 0 0 0 8 3 8 0 0 0 6 1 8 0 0 0 4 5 1 0 0 0 3 2 5 0 0 0 2 3 2 0 0 0 1 6 4 1 .3 0 0 1 6 1 3 0 0 1 3 8 3 0 0 1 0 4 4 000 780 0 0 0 5 7 7 0 0 0 4 2 2 0 0 0 3 0 5 0 0 0 2 1 9 0 0 0 1 5 5 1 . 4 0 0 1 6 6 0 0 0 1 2 7 0 0 0 0 9 6 2 0 0 0 7 2 1 0 0 0 5 3 5 0 0 0 3 9 2 0 0 0 2 8 5 0 0 0 2 0 5 0 0 0 1 4 6 
1 . 5 0 0 1 5 0 7 0 0 1 1 5 7 0 0 0 8 7 9 0 0 0 6 6 1 0 0 0 4 9 2 0 0 0 3 6 2 0 0 0 2 6 4 0 0 0 1 9 0 0 0 0 1 3 6 
1 . 6 0 0 1 3 5 8 0 0 1 0 4 6 0 0 0 7 9 7 0 0 0 6 0 2 0 0 0 4 4 9 0 0 0 3 3 2 0 0 0 2 4 2 0 0 0 1 7 5 0 0 0 1 2 5 1 . 7 0 0 1 2 1 3 0 0 0 9 3 8 0 0 0 7 1 7 0 0 0 5 4 3 C 0 0 4 0 7 0 0 0 3 0 1 0 0 0 2 2 1 0 0 0 1 6 0 0 0 0 1 1 5 1 •A 0 0 1 0 7 4 0 0 0 8 3 3 0 0 0 6 4 0 0 0 0 4 8 6 0 0 0 365 0 0 0 2 7 2 0 0 0 2 0 0 0 0 0 1 4 5 0 0 0 1 0 5 1 .9 0 0 0 9 4 2 0 0 0 7 3 4 0 0 0 5 6 5 0 0 0 4 3 1 0 0 0 3 2 5 0 0 0 2 4 3 0 0 0 1 7 9 0 0 0 1 3 1 0 0 0 0 9 5 2 .0 0 0 0 8 1 9 00 7 540 0 0 0 4 9 5 0 0 0 3 7 9 0 0 0 2 3 7 0 0 0 2 1 5 0 0 0 1 5 9 0 0 0 1 1 7 0 0 0 0 8 5 2 • I 0 0 0 7 0 6 0 0 0 5 5 4 . 0 0 0 4 3 0 0 0 0 3 3 0 0 0 0 2 5 1 0 0 0 1 8 9 0 0 0 1 4 0 0 0 0 1 0 3 0 0 0 0 7 5 2 • 2 0 0 0 6 0 2 0 0 0 4 7 4 0 0 0 3 7 0 0 0 0 2 8 5 0 0 0 2 1 8 0 0 0 1 6 4 0 0 0 1 2 3 0 0 0 0 9 1 0 0 0 0 6 6 
2 . 3 0 0 0 5 0 9 0 0 0 4 0 2 0 0 0 3 1 5 0 0 0 2 4 4 0 0 0 1 8 7 0 0 0 1 4 1 0 0 0 1 0 6 0 0 0 0 7 9 0 0 0 0 5 8 
2 . 4 0 0 0 4 2 6 0 0 0 3 3 8 0 0 0 2 6 6 0 0 0 2 0 6 0 0 0 1 5 9 0 0 0 1 2 1 0 0 0 0 9 1 0 0 0 0 6 8 0 0 0 0 5 0 
2 . 5 0 0 0 3 5 3 0 0 0 2 8 1 0 0 0 2 2 2 0 0 0 1 7 3 0 0 0 1 3 4 0 0 0 1 0 2 0 0 0 0 7 7 0 0 0 0 5 8 0 0 0 0 4 3 
2 . 6 0 0 0 2 8 9 0 0 0 2 3 2 0 0 0 1 8 3 0 0 0 1 4 4 0 0 0 1 1 1 0 0 0 0 8 5 0 0 0 0 6 5 0 0 0 0 4 9 0 0 0 0 3 6 
2 . 7 0 0 0 2 3 5 0 0 0 1 8 9 0 0 0 1 5 0 0 0 0 1 1 8 0 0 0 0 9 2 0 0 0 0 7 1 0 0 0 0 5 4 0 0 0 0 4 1 0 0 0 0 3 0 
2 . 8 0 0 0 1 8 9 0 0 0 1 5 2 0 0 0 1 2 2 0 0 0 0 9 6 0 0 0 0 7 5 0 0 0 0 5 8 0 0 0 0 4 4 0 0 0 0 3 4 0 0 0 0 2 5 
2 .9 0 0 0 1 5 0 0 0 0 1 2 2 0 0 0 0 9 7 0 0 0 0 7 7 0 0 0 0 6 1 0 0 0 0 4 7 0 0 0 0 3 6 0 0 0 0 2 8 0 0 0 0 2 1 
3 • 0 0 0 0 1 1 8 0 0 0 0 9 6 0 0 0 0 7 7 0 0 0 0 6 2 0 0 0 0 4 9 0 0 0 0 3 8 0 0 0 0 2 9 0 0 0 0 2 2 0 0 0 0 1 7 
3 .1 0 0 0 0 9 2 0 0 0 0 7 5 0 0 0 0 6 1 0 0 0 0 4 9 0 0 0 0 3 8 0 0 0 0 3 0 0 0 0 0 2 3 0 0 C 0 1 8 0 0 0 0 1 4 3 • 2 0 0 0 0 7 1 0 0 0 0 5 8 0 0 0 0 4 7 0 0 0 0 3 8 0 0 0 0 3 0 0 0 0 0 2 4 0 0 0 0 1 8 0 0 0 0 1 4 0 0 0 0 1 1 3 . 3 0 0 0 0 5 4 0 0 0 0 4 4 0 0 0 0 3 6 0 0 0 0 2 9 0 0 0 0 2 3 OOC018 0 0 0 0 1 4 0 0 0 0 1 1 0 0 0 0 0 9 3 . 4 0 0 0 0 4 1 0 0 0 0 3 4 0 0 0 0 2 8 0 0 0 0 2 2 0 0 0 0 1 8 0 0 0 0 1 4 0 0 0 0 1 1 0 0 0 0 0 9 0 0 0 0 0 7 
3 • 5 0 0 0 0 3 0 0 0 0 0 2 5 0 0 0 0 2 1 0 0 0 0 1 7 0 0 0 0 1 4 000011 0 0 0 0 0 9 0 0 0 0 0 7 0 0 0 0 0 5 3 • 6 0 0 0 0 2 2 0 0 0 0 1 9 0 0 0 0 1 5 0 0 0 0 1 3 0 0 0 0 1 0 0 0 0 0 0 8 0 0 0 0 0 6 0 0 0 0 0 5 0 0 0 0 0 4 3 • 7 0 0 0 0 1 6 0 0 0 0 1 4 0 0 0 0 1 1 0 0 0 0 0 9 0 0 0 0 0 6 0 0 0 0 0 6 0 0 0 0 0 5 0 0 0 0 0 4 0 0 0 0 0 3 3 • 8 0 0 0 0 1 2 0 0 0 0 1 0 0 0 0 0 0 8 0 0 0 0 0 7 0 0 0 0 0 6 0 0 0 0 0 4 0 0 0 0 0 4 0 0 0 0 0 3 0 0 0 0 0 2 3 *9 0 0 0 0 0 8 0 0 0 0 0 7 0 0 0 0 0 6 0 0 0 0 0 5 0 0 0 0 0 4 0 0 0 0 0 3 0 0 0 0 0 3 00000 2 0 0 0 0 0 2 
4.0 000006 000005 000004 000004 000003 000002 000002 00000 2 000001 
( C o n t i n u e d ) 
C o m p u t e d 
1.0 000005 000005 000004 000003 000002 000002 000001 000001 000001 
R = 0.45 
\H 2.7 2.8 2.9 3.0 3.1 3.2 3.3 3-4 3-5 K\ 0.0 003213 002382 001744 001264 000906 000643 000448 000309 000210 0.1 003170 002351 001726 001254 000901 000641 000451 OOO313 000214 0.2 003105 002305 001694 001231 000865 000630 000443 000306 000209 0.3 003033 002255 001659 001208 OOO87O 000619 000435 000303 000207 0.4 G02947 002194 001C16 001178 000348 000603 000424 000294 000201 
0.5 002559 002134 001576 001151 000832 000594 000419 000294 000201 
0.6 002753 002053 001522 001114 000806 000576 000406 000283 000194 0.7 002640 001978 001467 001075 000779 000558 000395 000275 000190 0.8 002514 001887 001401 001029 000746 000535 000378 000263 000179 0.9 002339 001799 001340 000968 000720 000518 000368 000258 000179 
1.0 002248 001697 001267 000935 000683 000492 000350 000245 000169 1.1 002104 001593 001193 000883 000646 000467 000333 0002j4 000162 1.2 001961 001491 001121 000334 000614 000447 000321 000229 000160 1.3 001811 001381 001042 000773 000575 000420 000304 000217 000153 1.4 00'658 001269 OOO961 000720 000533 000391 000284 000203 000144 
1.5 001506 COH56 000878 OOO66O 000491 000361 000263 000189 000135 1.6 001357 001045 000797 000601 000448 000331 000242 000174 000125 1.7 001212 000937 000716 000542 000406 000301 000220 000160 000114 1.8 001073 000332 000639 000465 000365 000271 000199 000145 000104 1.9 000942 000733 000565 000430 000325 000242 000179 000130 000094 
2.0 000319 C00640 000495 000378 000286 000214 000159 000116 000004 
2.1 000705 000553 000429 000330 000250 000183 000140 000103 000075 2.2 000602 000474 000369 000284 000217 000164 000122 000090 000066 
2.3 000508 000402 000314 000243 000186 000141 000105 000078 000057 2.4 000425 000337 000265 000206 000158 000120 000090 000067 000049 
2.5 000352 000281 000221 000172 OOO133 000102 000077 000057 000042 
2.6 000239 000231 000183 000143 000111 OOOO85 000064 000048 000036 2.7 000234 000188 000150 000118 000091 000070 000053 000040 000030 2.8 000188 000152 000121 000095 000075 000053 000044 000033 000025 2.9 000150 000121 000097 000077 000060 000047 OOOO36 000027 000020 
3.0 000118 000095 000077 000061 000048 000037 000029 000022 000016 
3.1 000091 000075 000060 000048 OOOO38 000030 000023 000017 000013 3.2 0X070 O0G058 000047 OOC037 000030 000023 000018 000014 000010 
3.3 000053 000044 000036 000029 000023 000018 000014 000011 000008 3.4 000040 000033 000027 000022 000017 000014 000011 000008 000006 3.5 000030 000025 000020 000016 000013 000010 000008 000006 000005 3-6 000022 000018 0G0015 000012 000010 000008 000006 000005 000003 3.7 000016 000013 000011 000009 000007 000006 000004 000003 000003 
3.8 0O0011 000009 000008 000006 000005 000004 000003 000002 000002 
3.9 000008 000007 000005 000004 000004 000003 000002 000002 000001 
NBS T a b l e 
r - O.US 

















































































































































































































































4.0 000001 OOOOOI OOOOOI OOOOOO OOOOOO 
( C o n t i n u e d ) 
C o m p u t e d 
H = 0.15 
\H 3.6 3.7 3.8 3-9 1.0 
K\ 
0.0 000138 000088 000053 000030 OOOOH 0.1 0013 000095 000060 000036 000020 0.2 000110 000091 000057 000031 0018 0.3 000138 000090 000057 0031 000018 0.1 0013  0086 000053 000030 OOOOIt 
0.5 00135 000089 000057 000035 0019 0.6 00131 000085 000053 000032 0016 0.7 000127 000081 000053 000031 0017 
0.8 000120 000078 000018 000027 000013 
0.9 000122 000081 000052 000032 000018 
1.0 0O0111000075OO0018O00028OO0O15 
1.1 000110 000073 0017 002B 000015 
1.2 000111 000077 000051 000033 000021 
1.3 000107 000071 000051 000031 000022 
1.1 000101 000070 000018 000033 000022 
1.5 0095 000066 000015 0031 000021 1.6 000088 000061 000012 0029 000020 
1.7 000081 000057 000039 000027 OOOO18 1.8 0071 000052 OC0036 000025 000017 1.9 000067 000017 000033 000023 0015 
2.0 000060 0013 000030 000020 000011 
2.1 000051 000038 000027 OOOO16 000012 2.2 000017 0031 000021 000016 000011 2.3 000011 0029 000021 000011 000010 2.1 0036 000026 000018 0013 000009 2.5 0031 000022 000016 000011 000C07 2.6 000026 0019 0013 000009 000006 
2.7 000022 000016 000011 000008 000005 2.8 0018 0013 000009 000007 000005 
2.9 000015 000011 000008 000005 OOOOOI 
3.0 000012 0009 000006 OOOOOI 0003 
3.1 000010 0007 000005 OOOOOI 000002 3.2 000008 000006 OOOOOI 0003 000002 3.3 000006 OOOOOI 0003 000002 OOOOOI 
3.1 000005 000003 000002 000002 OOOOOI 3.5 0003 0003 000002 000001 000001 3.6 0003 000002 OOOOOI 0001 ooo  3.7 0002 000001 OOOOOI OOOOOI ooo  3.8 0001 oooi oooi ooo  ooo  3.9 0001 oooi ooo  ooo  ooo  
CO o 
A p p e n d i x 3. 
N B S T a b l e 
(Continued) 
C o m p u t e d 
0 . 0 0 . 1 0 . 2 0 . 3 0 . 4 0 . 5 0 . 6 0 . 7 0 . 8 
0 . 0 3 3 3 3 3 3 312961 2 9 1 8 8 6 2 7 0 3 4 4 2 4 8 5 8 9 2 2 6 8 7 6 2 0 5 4 6 8 1 8 4 6 0 5 164512 
0 . 1 3 1 2 9 6 1 2 9 4 4 2 2 275161 2 5 5 3 9 2 2 3 5 3 4 5 2 1 5 2 6 0 1 9 5 3 7 7 1 7 5 9 2 7 157126 
0 . 2 2 9 1 8 8 6 275161 2 5 7 7 0 9 2 3 9 7 1 8 2 2 1 3 9 7 2 0 2 9 6 5 1 8 4 6 4 4 1 6 6 6 5 0 1 4 9 1 9 0 
0 . 3 2 7 0 3 4 4 2 5 5 3 9 2 2 3 9 7 1 8 2 2 3 4 8 8 2 0 6 8 3 e 1 9 0 1 1 4 1 7 3 3 7 0 1 5 6 8 5 8 1 4 0 7 6 9 
0 . 4 2 4 6 5 8 9 2 3 5 3 4 5 2 2 1 3 9 7 2 0 6 8 8 8 1 9 1 9 7 9 1 7 6 6 4 7 1 6 1 6 7 6 1 4 6 6 4 9 1 3 1 9 4 6 
0 . 3 2 2 6 8 7 8 2 1 5 2 6 0 2 0 2 9 6 5 1 9 0 1 1 4 176847 1 6 3 3 2 0 149694 1 3 6 1 3 9 1 2 2 8 1 6 
0 . 6 2 0 5 4 6 8 1 9 5 3 7 7 1 8 4 6 4 4 1 7 3 3 7 0 1 6 1 6 7 6 1 4 9 6 9 4 1 3 7 5 7 0 1 2 5 4 5 1 113486 
0 . 7 1 8 4 6 0 5 175927 1 6 6 6 5 0 1 5 6 8 5 8 1 4 6 6 4 9 1 3 6 1 3 9 125451 1 1 4 7 1 8 104071 
0 . 8 164512 157126 1 4 9 1 9 0 1 4 0 7 6 9 131546 1 2 2 8 1 6 1 1 3 4 8 6 1 0 4 0 7 1 0 9 4 6 8 6 
0 . 9 1 4 5 3 8 8 139168 1 3 2 4 4 8 125281 1 1 7 7 3 3 1 0 9 8 8 2 1 0 1 8 1 9 0 9 3 6 4 0 0 8 5 4 4 8 
1 . 0 1 2 7 3 9 8 1 2 2 2 1 5 1 1 6 5 8 6 1 1 0 5 5 0 1 0 4 1 5 9 0 9 7 4 7 7 0 9 0 5 7 8 0 8 3 5 4 6 0 7 6 4 6 5 
1*1 110671 106393 1 0 1 7 3 3 0 9 6 7 0 4 0 9 1 3 5 0 0 8 5 7 2 2 0 7 9 8 8 2 0 7 3 8 9 6 0 6 7 8 3 9 
1 . 2 0 9 5 2 9 7 0 9 1 8 1 4 0 8 7 9 9 0 0 8 3 8 4 4 0 7 9 4 0 7 0 7 4 7 1 8 0 6 9 8 2 5 0 6 4 7 8 4 0 5 9 6 5 6 
1 . 3 0 8 1 3 2 9 0 7 8 5 2 2 0 7 5 4 2 1 0 7 2 0 4 2 0 6 8 4 0 4 0 6 4 5 3 9 0 6 0 4 8 5 0 5 6 2 8 4 0 5 1 9 8 8 
1 . 4 0 6 8 7 8 5 0 6 6 5 4 6 0 6 4 0 6 1 0 6 1 3 3 7 0 5 8 3 8 8 0 5 5 2 3 7 0 5 1 9 1 3 0 4 8 4 5 1 0 4 4 8 9 1 
1 . 5 C 5 7 6 4 6 0 5 5 8 8 2 0 5 3 9 1 2 0 5 1 7 4 0 0 4 9 3 7 7 0 4 6 8 3 6 0 4 4 1 4 2 0 4 1 3 2 0 0 3 8 4 0 1 
1 . 6 0 4 7 8 6 7 0 4 6 4 9 3 0 4 4 9 5 0 0 4 3 2 3 8 0 4 1 3 6 5 0 3 9 3 4 0 0 3 7 1 8 0 0 3 4 9 0 5 0 3 2 5 3 9 
1 . 7 0 3 9 3 7 9 0 3 8 3 2 1 0 3 7 1 2 6 0 3 5 7 9 3 0 3 4 3 2 5 0 3 2 7 2 9 0 3 1 0 1 8 0 2 9 2 0 4 0 2 7 3 0 7 
1 . 8 0 3 2 0 9 5 0 3 1 2 9 0 0 3 0 3 7 5 0 2 9 3 4 8 0 2 8 2 1 1 0 2 6 9 6 8 0 2 5 6 2 7 0 2 4 1 9 8 0 2 2 6 9 5 
1 . 9 0 2 5 9 1 2 0 2 5 3 0 7 0 2 4 6 1 5 0 2 3 8 3 4 0 2 2 9 6 3 0 2 2 0 0 6 0 2 0 9 6 8 0 1 9 8 5 4 0 1 8 6 7 7 
2 . 0 0 2 0 7 2 4 0 ? O 2 7 4 0 1 9 7 5 6 0 1 9 1 6 9 0 1 8 5 1 0 0 1 7 7 8 2 0 1 6 9 8 7 0 1 6 1 3 0 0 1 5 2 1 8 
2 . 1 C 1 6 4 1 7 0 1 6 0 8 7 0 1 5 7 0 4 0 1 5 2 6 8 0 1 4 7 7 6 0 1 4 2 2 8 0 1 3 6 2 7 0 1 2 9 7 4 0 1 2 2 7 6 
2 . 2 0 1 2 8 8 2 0 1 2 6 4 2 0 1 2 3 6 3 0 1 2 0 4 3 0 1 1 6 7 9 0 1 1 2 7 2 0 1 0 8 2 3 0 1 0 3 3 2 0 0 9 8 0 4 
2 . 3 C 1 0 0 1 1 0 C 9 8 4 0 0 0 9 6 3 8 0 0 9 4 0 6 0 0 9 1 4 1 0 0 8 8 4 2 0 0 8 5 1 0 0 0 8 1 4 5 0 0 7 7 5 0 
2 . 4 C 0 7 7 0 6 0 0 7 5 8 5 0 0 7 4 4 1 0 0 7 2 7 5 0 0 7 C 3 3 0 0 6 8 6 7 0 0 6 6 2 4 0 0 6 3 5 7 0 0 6 0 6 5 
2 . 5 0 0 5 8 7 5 0 0 5 7 9 0 0 0 5 6 8 9 0 0 5 5 7 1 0 0 5 4 3 5 0 0 5 2 8 0 0 0 5 1 0 5 0 0 4 9 1 1 0 0 4 6 9 8 
2 . 6 0 0 4 4 3 6 0 0 4 3 7 7 0 0 4 3 0 7 0 0 4 2 2 5 0 0 4 1 2 9 0 0 4 0 1 9 0 0 3 8 9 4 0 0 3 7 5 5 0 0 3 6 0 2 
2 . 7 0 0 3 3 1 7 0 0 3 2 7 7 0 0 3 2 2 9 0 0 3 1 7 2 0 0 3 1 0 5 0 0 3 0 2 9 002941 0 0 2 8 4 2 0 0 2 7 3 3 
2 . 8 0 0 2 4 5 7 0 0 2 4 3 0 0 0 2 3 9 7 0 0 2 3 5 8 0 0 2 2 1 2 0 0 2 2 5 9 0 0 2 1 9 8 0 0 2 1 3 0 0 0 2 0 5 3 
2 . 9 0 0 1 8 0 2 0 0 1 7 8 4 0 0 1 7 6 2 0 0 1 7 3 6 001 705 0 0 1 6 6 9 0 0 1 6 2 7 0 0 1 5 7 9 0 0 1 5 2 6 
3 . 0 C 0 1 3 0 9 0 0 1 2 9 7 0 0 1 2 8 3 0 0 1 2 6 5 0 0 1 2 4 4 0 0 1 2 2 0 0 0 1 1 9 2 0 0 1 1 5 9 0 0 1 1 2 3 
3 . 1 C 0 0 9 4 2 C 0 0 9 3 4 0 0 0 9 2 5 0 0 0 9 1 3 0 0 0 6 9 9 0 0 0 8 8 3 000864 0 0 0 8 4 2 0 0 0 8 1 7 
3 . 2 0 0 0 6 7 1 C C 0 6 6 6 0 C 0 6 6 0 0 0 0 6 5 2 0 C 0 6 4 4 OOC633 0 0 0 6 2 0 0 0 0 6 0 6 0 0 0 5 8 9 
3 . 3 0 0 0 4 7 3 C 0 0 4 7 0 0 0 0 4 6 6 0 0 0 4 6 2 0 0 0 4 5 6 0 0 0 4 4 9 000441 0 0 0 4 3 1 0 0 0 4 2 0 
3 . 4 0 0 0 3 3 1 0 0 0 3 2 9 0 0 0 3 2 6 0 0 0 3 2 3 0 0 0 3 2 0 0 0 0 3 1 5 0 0 0 3 1 0 0 0 0 3 0 4 0 0 0 2 9 7 
3 . 5 0 0 C 2 2 9 0 0 0 2 2 8 0 0 0 2 2 6 0 0 0 2 2 4 0 0 0 2 2 2 0 0 0 2 1 9 0 0 0 2 1 6 0 0 0 2 1 2 0 0 0 2 0 7 
3 . 6 0 0 0 1 5 7 0 0 3 1 5 6 0 0 0 1 5 5 0 0 0 1 5 4 0 0 0 1 5 3 0 0 0 1 5 1 0 0 0 1 4 9 0 0 0 1 4 6 0 0 0 1 4 3 
3 . 7 0 0 0 1 0 7 0 0 0 1 0 6 0 0 0 1 0 6 0 0 0 1 0 5 0 0 0 1 0 4 0 0 0 1 0 3 0 0 0 1 0 2 0 0 0 1 0 0 0 0 0 0 9 6 
3 . 8 0 0 0 0 7 2 0 0 3 C 7 1 0 0 0 0 7 1 0 0 0 0 7 1 0 0 0 0 7 0 0 0 0 0 6 9 0 0 0 0 6 9 0 0 0 0 6 8 0 0 0 0 6 6 
3 . 9 0 0 0 0 4 8 0 0 0 0 4 8 0 0 0 0 4 7 0 0 0 0 4 7 0 0 0 0 4 7 0 0 0 0 4 6 0 0 0 0 4 6 0 0 0 0 4 5 0 0 0 0 4 5 
4 . 0 0 0 0 0 3 1 0 0 0 0 3 1 0 0 0 0 3 1 0 0 0 0 3 1 0 0 0 0 3 1 0 0 0 0 3 1 0 0 0 0 3 0 0 0 0 0 3 0 0 0 0 0 3 0 
R = 0.50 
\H 0.0 0.1 0.2 0.3 0.1 0.5 0.6 0.7 0.8 
K\ 
0.0 333324 312952 291377 270335 218580 226869 205159 181596 161503 
0.1 312950 291111 275150 255381 235331 215219 195366 175916 157115 
0 . 2 291372 275117 257695 239701 221333 202951 161630 166636 1*49176 
0 . 3 270333 255331 239710 223180 206380 190106 173362 156350 110761 
0.1 218573 235335 221387 206878 191969 176837 161666 116639 131936 
0 . 5 226868 215250 202955 190101 176837 163309 H9681 136120 122806 
0 .6 205455 195363 181631 173357 161663 119681 137556 125138 113173 
0 .7 181596 175918 166612 156819 116611 136130 125112 111709 101062 
0.8 161501 157115 119179 110758 131935 122805 113176 101060 091675 
0 . 9 115373 139157 132138 125271 117722 109872 101808 093630 085137 
1.0 127391 122203 116578 110512 101151 097470 090571 083538 076158 
1.1 110662 106390 101725 09G695 091311 0857H 079873 073888 067830 
1.2 095239 091806 037932 O83836 079399 071710 069317 061776 059618 
1.3 081326 073513 075113 072033 06d101 061536 060181 056280 051981 
1.1 068731 G66513 061058 061333 053385 055231 051910 018118 044687 
1.5 057611 055330 053911 051739 019375 016635 011110 011318 038100 
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3 5 . 6 1 
2 5 . 4 9 
2 6 . 2 0 
1 6 . 9 4 
1 7 . 1 0 
1 2 . 0 0 
1 2 . 0 2 
9 T 2 4 9 . 5 7 
5 3 . 6 2 
3 6 . 3 1 
3 8 . 0 3 
2 8 . 3 5 
2 9 . 1 7 
2 1 . 8 2 
2 2 . 1 6 
1 4 . 9 5 
1 5 . 0 1 
1 0 . 8 3 
1 0 . 8 2 
1 0 T 2 
T 
4 1 . 6 1 
4 3 . 8 0 
3 1 . 2 5 
3 2 . 2 1 
2 4 . 8 5 
2 5 . 3 0 
1 9 . 4 6 
1 9 . 6 4 
1 3 . 6 3 
1 3 . 6 5 
1 0 . 0 3 
1 0 . 0 0 
1 1 T 2 
T 2 * 
3 6 . 4 2 
3 7 . 7 6 
2 7 . 8 6 
2 8 . 4 6 
2 2 . 4 6 
2 2 . 7 4 
1 7 . 8 3 
1 7 . 9 3 
1 2 . 7 0 
1 2 . 6 9 
9 . 4 6 
9 . 4 2 
1 2 
T 2 
3 2 . 7 9 
3 3 . 7 0 
2 5 . 4 6 
2 5 . 87 
2 0 . 7 4 
2 0 . 9 3 
1 6 . 6 3 
1 6 . 6 9 
1 2 . 0 0 
1 1 . 9 8 
9 . 0 3 
8 . 9 8 
1 3 
T 2 
3 0 . 1 3 
3 0 . 8 0 
2 3 . 6 7 
2 3 . 9 7 
1 9 . 4 4 
1 9 . 5 8 
1 5 . 7 2 
1 5 . 7 5 
1 1 . 4 7 
1 1 . 4 3 
8 . 6 9 
8 . 6 4 
1 4 T 2 2 8 . 1 1 
2 8 . 64 
2 2 . 2 9 
2 2 . 5 2 
1 8 . 4 4 
1 8 . 5 4 
1 5 . 0 1 
1 5 . 0 2 
1 1 . 0 4 
1 1 . 0 0 
8 . 4 2 
8 . 3 7 
1 5 T 2 
T 2 * 
2 6 . 5 2 
2 6 . 9 6 
2 1 . 1 9 
2 1 . 3 9 
1 7 . 6 3 
1 7 . 7 1 
1 4 . 4 3 
1 4 . 4 4 
1 0 . 6 9 
1 0 . 6 5 
8 . 2 0 
8 . 1 5 
1 6 
T 2 * 
2 5 . 2 4 
2 5 . 6 2 
2 0 . 3 0 
2 0 . 4 8 
1 6 . 9 7 
1 7 . 0 4 
1 3 . 9 6 
1 3 . 9 6 
1 0 . 4 1 
1 0 . 3 6 
8 . 0 1 
7 . 9 6 
1 7 T 2 
T 2 * 
2 4 . 1 9 
2 4 . 5 3 
1 9 . 5 7 
1 9 . 7 2 
1 6 . 4 3 
1 6 . 4 9 
1 3 . 5 7 
1 3 . 5 6 
1 0 . 1 7 
1 0 . 1 2 
7 . 8 6 
7 . 8 0 
1 8 T 2 
T 2 * 
2 3 . 3 1 
2 3 . 6 3 
1 8 . 9 5 
1 9 . 1 0 
1 5 . 9 7 
1 6 . 0 2 
1 3 . 2 3 
1 3 . 2 3 
9 . 9 6 
9 . 9 1 
7 . 7 2 
7 . 6 7 
1 9 
T 2 * 
2 2 . 5 7 
2 2 . 8 7 
1 8 . 4 2 
1 8 . 5 6 
1 5 . 5 7 
1 5 . 6 2 
1 2 . 9 4 
1 2 . 9 4 
9 . 7 8 
9 . 7 3 
7 . 6 1 
7 . 5 5 
A p p e n d i x 4 ( C o n t i n u e d ) 
N a 0 . 0 0 1 0 0 . 0 0 2 5 0 . 0 0 5 0 0 . 0 1 0 0 0 . 0 2 5 Q 0 . 0 5 0 0 
2 0 
, 2 * 
2 1 . 9 3 
2 2 . 2 2 
1 7 . 9 7 
1 8 . 1 0 
1 5 . 2 3 
1 5 . 2 8 
1 2 . 6 9 
1 2 . 69 
9 . 6 3 
9 . 5 8 
7 . 5 0 
7 . 4 5 
N o t e : T 2 = E x a c t C l o s e d F o r m V a l u e 
T 2 * = A p p r o x i m a t e v a l u e 
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A p p e n d i x 5 
C o m p a r i s o n o f D e r i v e d C o s t s U s i n g P r o b l e m s F r o m T a b l e 1 , 
M o n t g o m e r y & K l a t t ( 1 5 ) 
U p p e r F i g u r e i s M&K, L o w e r F i g u r e i s H a r r i s . 






3 . 0 0 0 1 . 0 0 1 . 0 1 
. 0 0 1 . 0 3 5 6 
. 0 3 5 7 
. 0 6 1 1 
. 0 5 9 8 
. 1 5 0 0 
. 1 3 8 
. 0 0 0 0 1 . 0 1 0 
. 0 4 5 9 
. 0 4 5 8 
. 0 7 0 9 
. 0 6 9 1 
. 1 6 0 0 
. 1 4 6 
. 1 0 0 . 1 3 8 1 
. 1 3 6 
. 1 6 3 7 
. 1 5 7 
. 2 5 7 1 
. 2 3 1 
. 0 0 1 . 0 5 5 8 
. 0 5 4 6 
. 0 7 2 9 
. 0 7 0 7 
. 1 5 4 3 
. 1 4 2 
. 0 0 0 1 . 0 1 0 . 0 7 1 5 
. 0 6 8 9 
. 0 8 7 1 
. 0 8 3 4 1 
. 1 6 6 0 
. 1 5 2 
. 1 0 0 . 1 6 9 1 
. 1 6 2 
. 1 8 4 0 
. 1 7 8 
. 2 6 5 5 
. 2 3 7 
. 0 0 1 . 1 0 7 6 
. 1 1 1 2 
. 1 0 9 1 
. 1 1 9 3 
. 1 7 6 1 
. 1 6 5 4 
. 0 0 1 . 0 1 0 . 1 4 2 9 
. 1 3 1 
. 1 4 9 8 
. 1 3 8 
. 2 0 2 2 
. 2 0 8 
. 1 0 0 
. 2 6 0 9 
. 2 3 2 
. 2 6 7 1 
. 2 3 8 
. 3 1 7 3 
. 2 9 8 
E x a m p l e C a s e a t O p e r a t i n g P o i n t 1 
D i v e r g e n t , N < p + 3 , a = 44% 
D i v e r g e n t , N < p + 3 , a = 69% 
D i v e r g e n t , N < p + 3 , a = 50% 
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A p p e n d i x 6 
C o m p a r i s o n o f R e q u i r e d P r o g r a m 
H a r r i s v s . K l a t t 
I n p u t -
H a r r i s K l a t t D e s c r i p t i o n 
1 . P (P="2) n u m b e r o f v a r i a b l e s 
2 . s ( s = l ) n u m b e r o f o u t - o f -
c o n t r o l s t a t e s 
3 . TT n o t a p p l i c a b l e b i n o m i a l w e i g h t i n g 
f a c t o r 
4 . N N s a m p l e s i z e 
5 . N a ( N a = N ) s a m p l e s i z e f o r £ 
e s t i m a t e 
6 . K S a m p l e s p a c i n g 
7 . X " 1 m e a n - t i m e - t o - s h i f t 
8 . R U n i t s / h o u r p r o d u c e d 
9 . X K / R F u n c t i o n o f 6 - 8 
a b o v e 
1 0 . a q = a P r o b a b i l i t y o f t y p e 
I e r r o r 
1 1 . * i F i x e d c o s t / s a m p l e 
1 2 . A 2 C o s t / u n i t o f 
s a m p l i n g 
1 3 . A 3 C o s t o f c h e c k i n g 
a n d c o r r e c t i n g 
1 4 . Ai, C o s t o f p r o d u c i n g 
a d e f e c t i v e 
1 5 . a i = A 1 / A ^ F u n c t i o n o f 1 1 - 1 4 
a b o v e 
1 6 . F u n c t i o n o f 1 1 - 1 4 
a b o v e 
1 7 . a 3 = A 3 / A t t . F u n c t i o n o f 1 1 - 1 4 
a b o v e 
9 0 
A p p e n d i x 6 ( C o n t i n u e d ) 
H a r r i s K l a t t D e s c r i p t i o n 
1 8 . y_0 I n - c o n t r o l m e a n 
v e c t o r 
1 9 . \j_lf...,\i O u t - o f - c o n t r o l 
m e a n v e c t o r s 
2 0 . £ V a r i a n c e - c o v a r i a n c e 
m a t r i x 
2 1 . u U p p e r s p e c i f i c a t i o n 
l i m i t v e c t o r 
2 2 . 1_ L o w e r s p e c i f i c a t i o n 
l i m i t v e c t o r 
2 3 . f 0 P r o b a b i l i t y o f p r o ­
d u c i n g a d e f e c t i v e 
w h e n i n s t a t e 0 
2 4 . f1 P r o b a b i l i t y o f p r o ­
d u c i n g a d e f e c t i v e 
w h e n i n s t a t e 1 
w h e r e f 0 , f l , f u n c t i o n s o f 1 8 - 2 2 a b o v e , a r e d e f i n e d a s 
u u 
f 1 f* _ / 1 /2 - 1 / 2 C x - ^ J S " " 1 (X- u 0 ) 
f 0 = J J (2 t t ) 1 * | S 1 I e d x x d x 2 
l i 1 2 
u , u , 
f , = (2TT) - l / n | g - l I l / 2 e - l / : 
( x - u ) S " 1 ( x - u ) _ , 
1 — — —1 d x x d x 2 
a n d a r e d e r i v e d u s i n g b i v a r i a t e n o r m a l t a b l e s . 
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A p p e n d i x 7 . P r o g r a m L i s t i n g 
1 0*̂ R jM *=(NwWJ) 20C THE M \ I N PRCGR AM 3 I ,•! 5. J 5 I 0 I S THE MATRICES FOR 
30 C THE . ^ O J L E . - i . 4 o c 5 0 DIMENSION 5 S ( 1 2 / 1 2 ) / SSI N 7(12,12)/ 3J(13,13), 60 i PM 3,1 3), DELTA M 2,13), TJ (1 2 , 1 3 ) 70C 8 0 I "i 7 E G R S/.J/S?1 9 0 D A T A .•] A X ? / 1 21 , M A A 5 / 1 2 / , L D I / 5 / , .53/6/ 100C 110 JRITE(LD0,1) 120 1 FORMAT (/," ENTER NUMBER OF VARIABLES AND NUMBER", 130 OF OUT-0F-CUNTROL STATES") 14 0 R E A D(L 0 I , 2)P , S 1 50 2 FORMAT ( J ) 16 0 IF ( P . L E . : / A X P . A N D . 3 . l E . M A X S ) GO TO 3 17 0 -v R I T E ( L D 0 , 4 ) 180 4 FORMAT (/," VALUE TO) LARGE") 190 STOP 180 200 C 210C MOTE — 2 2 0 C 5 EC A U S E FORTRAN SU3 SCRIPTS S T A ^ T AT 1, ALL STATE 230 C N U M B E R S USED AS 3 0 B S C R I P T 5 MUST 3E PROMOTED BY 1. 240 C 250 3 3P1=S+1 2 6 C CALL ''I A I N ( L 0 I , L D 0 , ? , S P 1 , S S , S S I /'J */,B3,PP,DELTA,MU) 270 STOP 250 2 8 0 E "vi D 290CMAIN MOST OF THE M A I N PROGRAM RuNS AS A SUBROUTINE 300C 310 SUBROUTINE M A I M ( L D I , L D 0 , I P , I 3 P 1 , S S , S S I N V , 3 3 , P P , 3 20 i DELTA, MU) 330C 34 0C VARIABLES INDEXED BY STATE 350 DIMENSION Ei LJ ( I S P 1 , I S P 1 ), P P ( I S P1 , I S P 1 ) 3 60 DIM EN SIGN PH I (1 3), G AM M A M 3 ) , RHD ( 1 3 ) , 3 ET A (1 3 ) , 370 : F A C T I ( 1 3 ) , S U M P (13), PR(13), TAJ(13), S0MBM3), 3 80 «. WEGHTdS) 390C 40 0C VARIABLES INDEXED BY QUALITY CHARACTERISTIC 410 DIMENSION 5S(IP,IP), S S I N V ( I ? , I P ) 4 2 0 D I M E N S I 0 N L S L (1 2 ) , U 3 L ( 1 2 ) , WO R;< ( 1 2 ) , A M U ( 1 2 ) 430C 440 C 4 5 0 C VARIABLES INDEXED B O T H w A Y S 4 60 D I . ' I EN SIGN D E L T A ( IP/ISP1 ) , M 0 ( I P / I S P 1 ) 4 70C 4 80C VARIABLES DIMENSIONED OTHERWISE 490 DIMENSION NVEC(3), <VEC(3), A L P H A (3) 5 00 DI M E N 3 10 N C S A V(3 , 3 , 3 ) 510C 
520 R E A L M U , L A M D A , L < R , LSL 5 30 INTEGER 3 , A N 3 , E 3 S , S P1, P 5 40 D A T A EPSS/5.E-4/, :;0iy/6/ 550 D A T A ESS/"S " / 560C FACTORIALS OF 0 T H R U 12 5 70 D A T A FACTI/1 .,1. >2.,S.,2̂ .,120.,72 0.,50 40.,40320., 5 80 v 062330., 362 oiOO., 3991 b80 0 ., 4 790016 . £02/ 5 90C 600 SPI=1SP1 610 S = 3P1 -1 620 P - I P 6 3° V1 - I ? 6 4 0 P = r 6 5 (3 S F A rT - f A f! T I ( 3 P 1 ) 66 0 TWO 9-2./9. 
A p p e n d i x 7 . ( C o n t i n u e d ) 
670C ITERATION STEP R E J d Z T I O ii FACTOR 
6 30 STEP=5. 
690C 
70 0 2 FOR.'iAT (V) 
710C 
7 2 0 C TO E:<TCJ T SQ T' i 5 T £ A 3 OF A L P H A AS A i> E ;J U G TOOL/ 
73 OC Ef.'TFR A -MEG AT WE ALPHA. 
7 4 0 C 
750 C TO FORCE SOLUTION FOR ONE POINT, SET JJ3 0LV = 1. 
7 6 0 N S 0 L 7 = 2 
770 C 
7 8 0 1 2 4 WRIT E(L 0 0 • 3 ) 
79 0 3 FORMAT ( / SMTEK THE LI HIT IMG 7ALJES O F " , / , 
300 „ " SAMPLE SIZE ' N' " ) 
S10 READ (LOW 2 ) ( N 7 E C < I > / I = 1 • N SOL 7) 
3 20 DO > 2" I - i S 01. v 
8 30 IF (>,7 EC ( I > - ( P + 3 > ) 1 2 1 , 1 2 0 , 1 2 0 
340 120 C 0 N T I , J E 
350 GOTO 123 
3 6 0 1 2 1 w R I T E ( 6 , 1 2 2 ) 
3 70 122 FORMAT ( / , " SAMPLE SIZE ' N 1 MJST BE AT", 
8 80 -J " LEAST THREE",/ , *' GREATER TH ANJ ThE N U rid EH", 
390 ^ " OF 7 A R I A d L E S . '"' ) 
900 GO F 0 1 24 
910 12 3 \-i P I T E ( L 0 0 , 3 1 ) 
9 20 3 1 FOR:< AT (" ;,U"1 ;3ER J ET*E EN SABLES 1 < 1 " ) 
9 3 0 R E A u ( L 0 I , 2 ) ( \ 7 E C ( I ) , I = 1 , 'v S 0 L 7) 
940 DO 125 1 = 1 ,NS0L7 
9 50 IF (K 7 E C ( I ) - ( P + 3 ) ) 1 2 6 , 1 2 5 , 1 2 5 
960 125 CONTINUE 
97 0 GOTO 123 
930 126 W R I T E ( 6 , 1 2 7 ) 
990 127 FOR MA T ( / , " SAMPLE INTERVAL 1 K ' W JST 3E AT LEAST 
1 00 0 S " THREE", / , ' * GREATER T HA N THE NJrtdER OF" 
1010 A " VARIABLES") 
1020 GOTO 123 
1 0 3 0 1 2 8 WRITE (LDO,4 ) 
1 04 0 4 FORMAT ( " TYPE 1 ERROR 1 A L Q H A 1 " ) 
1 0 5 0 R E A D ( L D I , 2 ) ( A L P H A ( I ) , I = 1 , ,\ S 0 L 7) 
1C6C IF (MSoLV.EU.1) GOTO 5000 
1 070 C 
1080C SORT 7 A R I A fO L E S I N ASCENDING ORDER 
1 09 0 IF (M 7 E C ( 1 ) . L T.M 7 £ C ( 2 ) ) GOTO 130 
110 0 I = N 7 E C ( 1 ) 
1110 \ ! 7 E C ( 1 ) = N 7 E C ( 2 ) 
112 0 N 7 E C ( 2 ) = I 
113 0 1 30 IF ( < 7 E C ( 1 ) . L T . < \i• E C ( 2 ) ) GOTO 131 
1140 I = K7EC(1 ) 
115 0 < 7 E C ( 1 ) = K7 F C ( 2) 
1160 KW F C ( 2 ) - I 
1170 131 IF (ALPHA (1 ) .LT.ALPHA ( 2 ) ) GOTO 132 
1180 A = AL P HA (1 ) 
1190 AL PH fi ( 1 ) = AL P H A ( 2 ) 
120 0 ALPHA(2)=A 
1210 132 C 0 NTI \UE 
1 2 2 0 N ; E C(3)=N7 E C(2 ) 
1230 K;E C ( 3 ) = K 7 E C ( 2 ) 
1 2 4 0 A L P H .4 ( 3 ) = A L P M A ( 2 ) 
1 2 5 0 C 
1 2 6 0 C SET INITIAL STEP SIZE A D CENTER POINT 
1 2 7 0 K S T E P - (,< 7 E C ( 3 ) - < J E C ( 1 ) ) / 2 
1 2 8 0 < 3 T E ? = iM A X C (•< S T E P , 1 ) 
1 2 9 0 \ S T E ? = ( V E C ( 3 ) - N 7 E C ( 1 ) ) / 2 
1 30 0 \' STEP =:•- A X 0 ( 3 T b P , 1 ) 
1310 A3TE^ = ( A L : ; H A ( 5 ) - A L P H A ( 1 ) ) / 2 . 
1320 ASTE°=AMAX1(ASTEP, .00 5) 
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A p p e n d i x 7. ( C o n t i n u e d ) 
3 3 0 N JE C ( 2 ) - \ V E C ( 1 ) + : 1 3 T E ? 
3 4 0 .< V E C ( 2 ) = < V E C (1 ) t :< S* T E P 
3 5 0 A L P H A ( 2 ) - A L P H A ( 1 ) + A 3 T E P 
3 6 0 C 
3 7 0 5000 C O N T I N U E 
38 0 N R I T 0 ( L 0 0 / 5 ) P 
3 9 0 5 F O R M A T ( / , " E N T E R " / I 2 / " D I M E N S I O N A L L A N D U " / 
40 0 i " S P E C I F I C A T I O N V E C T O R S ' ' ) 
4 1 0 R E A D C L D I / 2 ) ( L S L ( I ) / I = 1 * P ) 
4 2 0 R E A D ( L D I / 2 ) ( U S L ( I ) , L - 1 , P ) 
43 0 C 
4 4 0 W R I T E ( L D 0 / 6 ) P 
45 0 6 F O R M A T ( / / " EWTCK '' / 1 2 , " D I M E N S I O N A L I N - C O N T R O L " / 
46 0 i " M E A N 7 E C T O R " ) 
4 70 R E A D ( L D I / 2 ) ( M U ( J /1 ) ,J = 1 / P ) 
4 8 0 C 
4 9 0 <i R I rE ( L D 0 / 1 9 ) S / P 
5 0 0 19 F O R M A T < / , " F O R T H E " / I 2 / " S T A T E S / E N T E R T M E " / I 2 / 
5 1 0 ' j " D I M E N S I O N A L -1 E A N S E C T O R S " ; 
5 2 0 D D 2 0 I - 2 / 3 P 1 
5 3 0 A R I T E ( L D 0 / 2 i)I - 1 
54 0 2 9 F O R M A T ( " S T A T E " / I i ) 
5 5 0 R E A D ( L D I , 2 ) ( M U ( J , I ) / J = 1 / P ) 
5 6 0 2 0 C O N T I N U E 
5 70C 
5 80 4 0 W R I T E ( L O O / 7 ) 
5 9 0 7 F O R - 1 A T ( / / " A R E Y O U E N T E R I N G T H E S ( S ) OR S " / 
6 0 0 s " I N V E R S E ( S I ) M A T R I X ? ? " ) 
6 1 0 R E A D ( L D I / 8 ) A N 3 
6 2 0 8 F O R M A T ( A 2 ) 
63 0 C 
6 4 0 w R I T E ( L D 0 / 3 2 ) 
6 5 0 3 2 F O R M A T ( / / " E N T E R T H E S A M P L E S I Z E U S E D I N " / / / 
66 0 •£ " E S T I M A T I N G T H E C O V A R I A N C E M A T R I X " ) 
6 70 R E A D ( L D I / 2 ) S G M A N 
63CC 
6 90 I F ( A N S - E S S ) 9 / 1 1 / 9 
7 0 0 C 
7 1 0 9 W R I T E ( L D 0 / 2 3 ) 
7 2 0 2 3 F O R M ' A T ( / / " E N T E R T H E S I N V E R S E M A T R I X " ) 
73 0 G O T O 2 4 
7 4 0 C 
7 5 0 1 1 wR I T E ( L D 0 / 1 3 ) 
7 6 0 1 3 F O R M A T ( / / " E N T E R T H E S M A T R I X " ) 
7 7 0 2 4 D O 1 4 1 = 1 , P 
7 8 0 R E A D ( L D I / 2 ) ( 3 S ( J / I ) / J = 1 / P ) 
7 9 0 D 0 1 4 J = 1 , P 
80 0 1 4 S S I N V ( J / I ) = S 3 ( J / I ) 
3 1 OC 
82 0C C H E C K F O R S Y MM E T R Y 
8 3 0 0 O 5 5 I = 1 / P - 1 
8 4 0 D O 3 5 J = I f 1 / P 
8 5 0 I F ( 3 S ( I / J ) . N E . S 5 ( J / I ) ) G O T O 3 3 
86 0 3 5 C O N T I N U E 
8 7 0 G O T O 1 5 
8 6 0 C 
8 9 0 3 3 iv R I T E ( 6 / 3 A ) 
90 0 3 4 F O R M A T ( / / " M A T RI X N O T S Y M M E T R I C " ) 
9 1 0 S T O P 1 1 7 1 
9 2 0 C 
9 3 0 15 W R I T E ( L D 0 / 2 1 ) 
9 4 0 2 1 F O R M A T ( / • " E N T E R T H E T R I A L C O S T V A L U E S " ) 
9 5 0 R E A D ( L D I , 2 ) A 1 , A 2 / A 3 / A 4 
9 6 0 C 
9 7 0 N R I T E C L D O / 2 0 ) 
98 0 2 J F O R M A T ( / , " E N T E R T H E M E A N T I M £ T O S H I F T ( I n " 
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Appendix 7. (Continued) 
1 99c 4 ///" hojrs), a j j units per hour produced") 2 00 0 RE AD ( LD I , 2) L AMD A,R 2 01 0 LA .-ID A = 1 . / L A j A 20 2C C 2 0 3 0 P•=1. 2040 PI 1 = 0. 2050 IE (S.E i. 1 ) SO TO 2o 2 06 0 5? ,i I TE (LOO/2 5 ) 20 7 0 2 5 FOP NAT (/," ENTER T H E OINOMIAL •*£ I G H T I ̂  G " , 20 30 Z " FACTOR") 2090 R E A D ( L D I , 2 ) P I 2100 IF (PI) 41,41,3o 2 1 1 0 36 IF (P 1-1 ) 3 7,41 ,41 212 0 4 1 ! R I T - ' , 7 2 1 3 0 38 FORMAf~(7ERROR - T/OJ MUST USE 3 < P K V») 2140 GOTO 5 9 2150 37 PI1 = 1 2 1 6 0 2 6 C J\'TI Ju = 21 70C 21 30 C EN D OF INPUT ? H A S E 219Q c 2 2 0 0 L J 0 = 6 2 2 1 0 C 2 2 2 0 C INVERT THE I N P U T ,<! A T R I X 2 2 3 0 IF ' a ;; s- £ S 3 ) 113,112,110 2 24 0 1 1 0 CALL INVERT ( S5 , P , 1 , ? , NS I NG , DET) 2250 IF (NSING.EQ.O) GO TO 114 2 26 0 1 1 6 WR ITE (6, 1 1 3 ) 2270 113 FORMAT (//" S OR S-INVERSE INVERSION DIFFICULTY") 2230 STOP 1530 2290 C 2300 112 CALL INVERT (SSIN V,P,1,P,N S I N G,D E T) 2 310 IF (N S I NG . NE . 0) GO TO 116 2320C THE DETERMINANT OzSlRZD IS THAT OF THE S-INVERSE 2330C MATRIX 2 34 0 D E T =1 , / D £ T 2 35 0 114 CONTINUE 2 3 6 0 C 2370 C COMPUTE THE MEAN DIFFERENCE VECTORS ' DELTA' 2330 DO 101 1 = 1,S Pi 2 3 9 0 DO 10 1 J = 1 , P 2 40 0 1 01 DELTA ( J ,1 ) = M U ( J /I)-H u ( j , 1 ) 241 OC 2420C COMPUTE T A u , 1 HE N 0 N-CENTRALITY VECTOR/ EACH 2 4 30C ELEMENT A QUADRATIC FORM 2 4 4 0 C S G M A N * ( D E L T A * S S I N V * D E L T A ) 24 5 0 TAG( 1 ) =0 . 2460 DO 102 1=2/SPI 2 4 7 0 T A U(I ) = 0. 2 4 & 0 DO 10 3 J = 1 , P 2 4 90 VORK'(J)=0. 25 0 0 DO 104 K = 1 , P 251 0 1 04 w 0 ̂  < ( J ) = N 0 R k ( J ) + } 3 I N V ( J , '< ) * D £ L T A U , I ) 2 5 2 G 10 3 T A G(I ) = T A U( I) + D E L T A(j , I )* w 0 R <(J) 2 5 30 102 CÔTINlE 2 5 4 0 C 255QC COMPUTE THE PHI vECT)R OF ? R 0 PA d I L I T I E S OF 2 560C PRODUCING A DEFECTIVE 2 5 70C 2530 DO •0 y 1 = 1/S ?1 2590 1 09 PH I ( I ) = 1 . -2600 I CCM7M(P/LSL/USL/Mj(]/I),53INV,DET,NDIV,NSEC/EPSS) 2 6 1 0 C 262 0 C EXECUTE THE SEAR Cn 2630C -2640 C 
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Appendix 7 . (Continued) 
2 65 0 CI in = 1 . .3 5 2660 L I M = N S O L V * 3 / 2 
2 6 7 0 < o n r 2 = o 2630C 2690C WIT-I IN THE K/M/ ALPHA L O O P S , COM^JTE ' P R , R H 0 / 2700 C S E T A,G A MM A 
2 7 1 0 C  2 0 2  3 0 !0n0 DO 1112 14=1, LIM 
< = < J E C ( I 4 ) 2740 IF ( < . L T . P + 3 ) K = P + Z 
2 750 A ;< = < 
2 760 C 2770C GENERATE THE BIN 0 ''1 I A L L Y .v SIGHTED P VECTOR (PR) 2730C AND ITS PARTI A L SUMS. 
2 790 L .< R = L A M D A * A ,< / R 2300 E L K R = E X P ( - L < R ) 2810 F = ( 1 . - ( 1 . + L K R ) * E L < R ) / ( L < R * ( 1 . - E _ < R ) ) 2 3 2 0 P R ( 1 ) = G L C K 
2830 D E N 0 M = 1 . - P R ( 1 ) 2340 PR (  ) = J £ N 0 •• 2 85 0 S U M P ( 1 ) = 0 . 
2 360 S BMP ( 2) =DEN0.'1 2370 IF (S-1) 10 4 4,1044,1014 2 83 0 10 14 C O N 3 T = D E N G M / ( 1 . - P I 1 * * 3 ) * S F A C T 2 8 90 S U M P ( 1 ) - 0 . 
DO 10 15 1=1,5 
2 90 n 2910 11=1+1 2920 - R ( I I ) = C0 N S T * P I * * I * 
2 9 3 0 N ° I 1 **(3 - I)/(FACTI(II )*."ACTI(S-I+1 ) ) 2 94 0 
IF ( I F R S T . G T . 0 ) -j 0 T 0 10 15 
2 9 5 0 * E G H T ( I I ) = P R ( I I ) / D E N 0 M 
2 960 1015 SUMP ( I I )=SUM PC I ) rpR (I I) 2970 C 2980C N ) A COMPUTE PP(I,J), THE P R O B A B I L I T I E S OF 
2 990 C T R A N S I T I 0 N S AMONG THE HIGHER S T A T E S . 3 0 0 0 
DO 1 0 4 0 I=1 ,S P1 3010 DO 1 0 40 J =1 ,SP1 3 0 2 0 IF (I-J) 1041,1042,1043 3 0 3 0 1041 P ° ( J , I ) = P R ( J ) / D E N 0 •] 3 0 4 0 
GO TO 104 0 305 0 104 2 P° ( I / I ) S U -IP ( I ) / D EN 0M 3060 GO TO 10 4 0 3070 1043 PP(J, I ) = 0 . 3080 10 40 CONTINUE 3090 IF ( I F R S T . G T .
0 ) SOTO 10 44 
3100 CO 1 0 4 5 1 =2 ,SPI 3110 DO 1 0 4 3 J =1 ,P 3120 W M U ( J ) = W M U ( J ) + .\ U ( J / I ) * M E G H T ( I ) 
31 30 1045 CO NT INUE 3140 1044 CO NT INU E 
3 1 5 0 C 3160 DO 10 11 I 5 = 1 ,LIM 3170 N = NV E C( I 5 ) 3180 IF ( N . L T . F + 3 ) N = P + 3 3190 IF ( N . G T . K ) N = K. 3 20 0 a n = n 3210 V 2 = A N - V " 32 20 C 3230 DO 1 ° 1 "; I u = 1 / LIM 3 2 40 A L P H 1 = A L P H A ( It) 
3 2 5 0 C 3 2 6 0 C SEARCH FOR T-SQUARED VALUE C O R R E S P O N D I N G TO ALPHA 3 2 70 IF (A L P H1 ) 1 n 31 , 1 0 3 2, 1 0 5 2 3 2 80 1031 T = - A L P h 1 3 29 0 A L ? H 1 = C D F T 2 ( T , P , I N T ( S G M A N ) , 0 . ) 3300 a L°H?-ALPHl 
96 
A p p e n d i x 7 . ( C o n t i n u e d ) 
3 3 1 0 G O T O 1 C 2 4 
3 3 2 0 1 0 3 2 T 1 = 0 . 
3 3 3 0 I F ( A l P H 1 . L T . . 0 0 1 ) A L ? H 1 = . 0 0 1 
3 3 A 0 T X = 1 0 0 0 C 0 
3 3 5 0 T 2 = T •} A X 
3 3 6 0 T = T 2 / 3 . 
3 3 7 0 1 0 2 0 A L P H 2 = C D F T 2 ( T , P , I N T ( 3 G "I A N ) / 0 . ) 
3 3 3 0 I F ( A 3 S ( A L P H 2 / A L P n 1 - 1 . ) - . 1 * A L P H 1 ) 1 0 2 4 , 1 0 2 4 , 1 0 2 1 
3 3 9 0 1 0 2 1 I F ( A L P h 1 - A L P H 2 ) 1 0 2 2 , 1 0 2 2 , 1 0 2 3 
3 4 0 0 1 0 2 2 T 1 = T 
3 4 1 0 G O T O 1 0 2 5 
3 4 2 0 1 0 2 5 T 2 = r 
3 4 3 0 1 0 2 5 T = T l + ( T 2 - T 1 ) / 3 . 
3 4 4 0 I f ( T M A X - T - 1 . ) 1 0 2 6 , 1 0 2 6 , 1 0 2 3 
3 4 5 0 1 0 2 6 P R I J T , " ivi 0 C O N V E R G E N C E I N F S 0 F O R " , T , P , S G M A N 
3 4 6 0 S T O P 2 5 5 0 
3 4 7 0 1 0 2 4 T 3 N = T 
3 4 3 0 0 
3 4 9 0 C N O N A P P R O X I M A T E R H 0 ( R H 0 ( 1 ) I S A L P H A ) 
3 5 0 0 R H 0 ( 1 ) = A L P H 1 
3 5 1 0 0 0 1 0 3 0 1 = 2 , S ° 1 
3 5 2 0 1 0 3 0 P i G ( I ) = C D F T 2 ( T S 0 , P , I N T ( S G M A N ) , A N * T A U ( I ) ) 
3 5 3 0 C 
3 5 4 0 C N 0 K ! C R E A T E T H E d M A T R I X 
3 5 5 0 • D O 1 0 5 0 1 = 1 , S P 1 
3 5 6 0 D O 1 0 5 0 J = 1 , S 
3 5 7 0 I F ( 1 - 1 ) 1 0 5 3 / 1 0 5 3 , 1 0 5 4 
3 5 3 0 1 0 5 3 B 3 ( J , ! ) = P R ( J ) 
3 5 9 0 G O T O 1 0 5 0 
3 6 0 0 1 0 5 4 I F ( J - I ) 1 0 5 5 , 1 0 5 6 , 1 0 5 7 
3 6 1 0 1 0 5 5 3 3 ( J , I ) = R H 0 ( I ) * P R ( J ) 
3 6 2 0 G O T O 1 0 5 0 
3 6 3 0 1 0 5 5 3 3 ( J , I ) = R H 0 ( I ) * P R ( J ) + ( 1 . - R H C ( I ) ) * P P ( I , I ) - 1 . 
3 6 4 0 G O T O 1 0 5 0 
3 6 5 0 1 0 5 7 B 3 ( J , I ) = R H 0 ( I ) * P R ( J ) + ( 1 . - R H 0 ( I ) ) * P R ( J ) / D E N 0 M 
3 6 6 0 1 0 5 M C O N T I N U E 
3 6 7 0 d 3 ( 1 , 1 ) = 3 3 ( 1 , 1 ) - 1 . 
3 6 3 0 C 
3 6 9 0 C R E P L A C E C O L U M N 3 P 1 O F 3 d W I T H A C 0 L UAN O F 1 • S 
3 7 0 0 D O 1 0 5 8 1 = 1 , 3 P 1 
3 7 1 0 1 0 5 3 3 3 ( S P 1 , I ) = 1 . 
3 7 2 0 C 
3 7 3 0 C I N V E R T T H E A S Y V\ M £ T R I C M A T R I X ' 3 3 ' 
3 7 4 0 C 
3 7 5 0 C A L L T I \ v ( d d , S ? 1 ) 
3 7 6 0 C 
3 7 7 0 C 3 E T A I S T H E L A S T R O N O F T H E d I N V E R S E M A T R I X 
3 7 S 0 D O 1 0 o 0 1 = 1 , S P 1 
3 7 9 0 1 0 6 0 3 E T A ( I ) = o d ( I , S P 1 ) 
3 8 0 0 C 
3 8 1 O C A C C U M U L A T E P A R T I A L S U M S O F B E T A 
3 8 2 0 S U - > l d ( 1 ) = 0 . 
3 8 3 0 D O 1 0 6 5 1 = 2 , S 
3 8 4 0 1 0 6 5 S U v 3 ( I ) = 3 U M 3 ( I - 1 ) + 3 E T A ( I - 1 ) 
3 8 5 0 S U M 3 ( 3 P 1 ) = 0 . 
3 8 6 0 C 
3 8 7 0 C N O T H E G A '- , .*•" A V E C T O R 
3 8 8 0 G A M M A ( 1 ) = 3 E T A ( 1 ) * P R ( 1 ) + F * 3 E T A ( 1 ) * D E N O r 
3 8 9 0 D O 1 H 7 0 I = 2 / S P 1 
3 9 0 0 G V A ( I ) = a E T A ( I ) * P P < I , i ) + 3 £ T A ( 1 ) * ( 1 . - F ) * P R ( I ) 
3 9 1 0 6 + S U M r: ( I - 1 ) * P R ( i ) / D E N O M * ( 1 . - F ) 
3 9 2 0 I F ( I - S P 1 ) 1 0 7 1 , 1 0 7 0 , 1 0 7 0 
3 9 3 0 1 0 7 1 G A M M A ( I ) = 
3 9 4 0 G A N N A ( I ) + 5 E T A ( I ) * F / D E N 0 M * ( 1 . - S U N P ( I ) - P R ( 1 ) ) 
3 9 5 0 1 0 7 0 C O N T I N U E 
3 9 6 C C 
97 
A p p e n d i x 7 . ( C o n t i n u e d ) 
3 97CC NO *G E N E R A ,r b THIS CO S T 3 93 0 C 1 = ( A 1 + A ? * A N) / A K3 99 0 S J "• = 0 . 4000 4 010 I F RS T = 1 p\ 1 0 *G J — i / SPI40 20 10 80 S J i'i =30 •'! + R HO (j) * j e r a ( J ) 40 30 C2 = A 3 + S J. • i / A 404 0 3 J vi -40 5 0 D 0 1 0 RO J = 1 /SPI 4060 1090 S j v-= S U;-1 + P nl ( J ) * o AMR, A ( J ) 4 0 70 C 3 = S J î * A 4 4050 CO ST=C1+C 2 + C 3 0 90  10 C 5 A7 ( I 4 / I 5 / I5 ) = C 0 3 T < 0 N T 2 = K ) ; T2 + 1 4110 I F (COST . G £ • C M I N ) j 0 T 10 10 4 120 C -1 I N 1 = C 1 4 13 0 C -1 I N 2 = C 2 4 140 C 1 I 3 = C 5 4 150 C 1 I N -COST 4160 N M Ii = A ̂  41 70 ;< 1 I N = A K. 4 180 T 3 0 = T 3 -'i 4 1 90 P H ;i = A L P H 1 42°0 1 0 10 CO N'T I NU E 4210 10 11 C 0 NT I N U E 4 22 0 112 CO N T I N U E 42 30C 4 2 4 0 C •'I 0 7E OR C H a. N G E 3T£P 3 lit4 2 50 C 4 2 60 C 4 2 70 20 0 2 FO R N A T (1 X / F ?. 3 /. 1 X / I 4 /1 X r I '/ 1 X,F 9 . 3) 4 280 C 4 2 9 0 C I F T H S M I C OST IS AT  H 
Z 
CENTER OF J N -CONSTRAINED 4 30GC 7 A R I A 3 L EG/ R E D J C r t H£ STEP. 4 310 I F ( N 3 0 L 7 • c J . 1 ) 3 0 T 0 1004 320 KO N r1 =KON T1 + 1 ̂  4 330 I F ( <ON T 1 . G T • 50) 0 0 T 0 4 0 Q 4340 I F ( CSmV( 2/2 / 2 ) . j £ . C VI IN ) GOTO 2000 4 3 5 0 I F ( FLO AT UST E P ) * F L 0 A T ( N S TEP)*ASrEP.LT . . 0 0 5 1 ) 4 3 6 0 * a 0 T 0 1 0 0 04 3 7 0 C 4 3 3 0 C R £ OUC E ST 4390 K 8 T £ ? = ( < 7 EC ( 3 )-<EC ( 1 ) ) / I'J T ( S T £ p ) 4 4 0 0 < 5 T = ?=•:'" A X 0 (< 3 TE P / 1 > 44 10 N 3 T ? = ( N 7 EC ( 3 ) -N 7 E C ( 1 ) ) / INT ( S T £ 3) 4 4 20 M 3 T i p = 'A X 0 (N3TE P / 1 ) 4 430 ? § T E ° = ( A L PH  3) -ALPHA (1 ) ) /STEP 4440 A S T E P = A M A X 1 (ASTER/.00 5 ) 4 4 5 0 K 3 NT1 =0 4 4 6 0 C 4 4 7 0 C D £ FINE NE W R E G I ON 448 0 20 00 DO 2 001 I = 1 / 4490 I S I G N = I - 2 4 500 « V EC ( I ) I N + *S T E° * IS I 3N 45 10 N 7 EC(I)=N N I N + M S T 2 P * I S IoN 4 5 2 0 20 01 AL P H A ( I ) = ALP h;•'+ A 3 T E P * IS I 
C-
4 5 3 0 TO 3 0 0 0 4 54 0 C 4 5 5 0 C n o C 0 N V E R G £ :-• 4 560 40 0-n A' R I T E (LOO / '.. 01 ) K G N T 1 4 5 7 0 40Q1 F 0 RNAT (/ 1« 
/ 
AFTER " , I 7 M 
_> / 
STEPS/ N0 CON V £ R G E N C E . " ) 4 5 8 0 C 4 59 0 C PR INT Tn E R R S U L T 4 o 0 0 C 4610 1 -t r-, -\ C 0 NT I N IJ Z 462 0 '. R I T £ ( L D 0 / •-• 1 1 3 ) K G .\i T 2 / A 1 ,A2/.ii3/A4, 
98 
A p p e n d i x 7 . ( C o n t i n u e d ) 
4 6 3 0 c ; I n 1 / C M I 2 / C M I n 3 / C M I ; i / N M i N / < M I N / A L P H Mi / T S Q M N 
4 6 4 0 C 
4 6 5 0 I F C S . E 0 . 1 ) G 0 T 0 4 0 1 4 
4 6 6 0 w R I T £ ( L O G / 4 0 1 5 ) C N M U ( I ^ / i = 1 y P ) 
4 6 7 0 4 0 1 5 F 0 R M A T ( / / £ I G ri T E 0 M E A N W O U L D 3 C a / 6 C 1 X / G 1 0 . 5 ) 
4 6 8 0 4 0 1 4 C O . i T I ; ] u £ 
4 6 9 0 4 0 1 3 F 0 R M A T ( 1 ri 1 / / , 
4 7 0 0 C O 3 T S A F T E R " , I 4 , " I T E k A T I 0 n S : " / / / 
4 7 1 0 F I X E D ' C O S T P E R S A M P L E " / 7 X 
! | 
/ F 9 . 3 , / / 
4 7 2 0 'i I n s p E C T I 0 N C 0 S T P E R U iO I T " y 4 x (t s i " / F 9 . 3 / / / 4 7 3 0 It 
rJ 
A V E R A C £ C O S T O r R t P A I R " / 6 X / " •5 • r 9 . 3 , / , 
4 7 4 0 i " C O S T P E R • J i\t I T O F D E F E C T I V E S & " / F 9 . 3 / / / / 
4 7 5 0 it M I N I M A > " / / 
4 7 6 0 it 
j 
F O R T E S T I N G " / 1 5 X x " . h " / G 9 . 3 / / 
4 7 7 0 F 0 R C 0 R R £ L i I i t o / I C A / i> / O 9 . 3 / / 
4 7 8 0 f ; r 3 A D l " R 0 D 0 C T 7 . - / 
4 7 9 0 11 
Ci 
C 0 S T D P S U N I T " , 1 3 X / ' *> " / o 9 . 3 , / / 
4 8 0 0 ,. '1 S A M ^ L E S f 7 f " / 1 9 < / I 5 / / / 
4 8 1 - 0 i " S A M P I E I R 7 A L " , 1 5 X / I 5 / / / 
4 3 2 0 T Y P E I E R R O R " / 1 i X / 2 P F y . 3 / " i . t 
/ 
/ / 
4 3 3 0 •! tt T - S 0 U A R E D V A L O E " ' / 1 4 X / 0 ? F 9 . 3 ) 
4 8 4 0 C 
4 8 5 0 S T n p 
4 3 6 0 E N d ' 
4 3 7 0 C M T I N V I N V E R T A i i Y N 0 N - S I N G U L A R M A T R I X 
4 3 3 0 C 
4 3 9 0 s : i 3 R 0 U T I N P M T I N V ( A , I D I M ) 
4 9 0 0 0 1 . • • E N S I o r : A ( I D I 1 / I D I M ) / L ( 1 3 ) 
4 9 1 0 1 N R = 1 0 1/1 
4 9 2 0 D O 2 1 J 1 = 1 , N q 
4 9 3 0 2 1 L ( J 1 ) = J 1 
4 9 4 0 0 0 2 9 1 J 1 = 1 / •J R 
4 9 5 0 C 
4 9 6 0 C F I M D R E M A I N I j c R 0 .v C 0 \ ' T A I U I j L A R G E S T A 3 S 0 L U T E 
4 9 7 0 C V A L U E I N P I V 0 T A L C O L u ,-i rj 
4 9 3 0 1 0 1 T E ^ = 0 . 
4 9 9 0 D O 1 2 1 J 2 = J 1 / N R 
5 0 0 0 I F ( A 9 S ( A ( J 2 / J 1 ) ) . L T . T E M P ) G O T O 1 2 1 
5 0 1 0 T £ "1 P = A R S ( A ( J 2 / J 1 ) ) 
5 0 2 0 1 3 I G = J 2 
5 0 3 0 1 2 1 
5 0 4 0 
C O N T I N U E 
I F ( I 3 I G . E O . J 1 ) G O T O 2 0 1 
5 0 5 0 C 
5 0 6 0 C R E A R R A N G E R 0 S T O P L A C E L A R G E S T A 3 3 0 u U T E V A L J E 
5 0 7 0 C I N P I V O T A L P c S I T I D . - i 
5 0 8 0 D O 1 4 1 J 2 
_ "1 
— I / "•J R 
5 0 9 0 T £ ;•' p = A ( J 1 • J 2 ) 
5 1 0 0 A ( J 1 / J 2 ) = A ( [ 3 I G / J 2 ) 
5 1 1 0 1 4 1 A ( I 3 I G / J 2 ) = T E M P 
5 1 2 0 I = L ( J 1 ) 
5 1 3 0 L ( J 1 ) = L ( I d I G ) 
5 1 4 0 L ( I o I G ) = I 
5 1 5 0 C 
5 1 6 0 C C O M P U T E C O E F F I I I E N T 3 
I N P I J0 T A L R j 5 1 7 0 ; 0 i T £ ; • P = A ( J 1 / J 1 ) 
5 1 3 0 A ( J 1 / J D = 
-i 
5 1 9 0 
5 2 0 0 2 2 1 
D 0 2 2 1 _ J 2 
— *, 
N R 
A ( j 1 / J 2 ) = A ( J 1 / J 2 ) / T E M P 
5 2 1 0 C 
5 2 2 0 C C O M P U T E C O E F F I C I E :i T I I N O T n E R R O w S 
5 2 3 0 D 0 2 » 1 J 2 = 1 / '.j .0 
5 2 4 0 I F ( J 2 , t u , J 1 ) " g o T:j 2 *; 1 
5 2 5 0 T £ P = A ( J 2 , J 1 ) 
5 2 6 0 A ( J 2 / J 1 ) = • • 
5 2 7 0 D O 2 4 1 j 7 
_ -i 
— > / N 'V 
5 2 3 0 2 4 1 A ( J 2 / J 3 ) = A ( J 2 , J 3 ) - T E M P * A ( j 1 / J 3 ) 
99 
A p p e n d i x 7 . ( C o n t i n u e d ) 
5 290 261 C O N T I N U E 
5 300 2 91 C O N T I N U E 
5 3 1 0 C 
5 320 C I N T E R C H A N G E C O L U M N S A CCORDI NG TO I N T E R C H A N G E S OF 533 0 C ROWS OF O R I G I N A L '1A T R I X 5 340 301 
N1 =NR-1 5 3 5 0 
DO 3-̂1 J 1 = 1 , N 1 5 360 
DO 32 1 J 2 =J 1/NR 5370 I F ( u ( J 2 ) . N £ . J 1 ) GO TO 32 1 5 330 IF (J 2 . E 0 .   ) GO TO 3 ) 15390 
GO To 3 4 1 5 AOO 321 C O N T I N U E 5410 341 
DO 3 6 1 J 3 = 1 /NR 5 4 2 0 t E M P = A ( J 3 / J 1 ) 5 4 30 
A ( J I , J 1 ) = A ( J 3 / J 2 ) 5 4 4 0 361 
A C J 3 , J 2 ) = T E ;•! P 54 50 
L ( J 2)=L ( J 1 ) 5 46 0 3 91 C O N T I N U E 54 7 0 50 31 R E T U R N 5 4 3 0 END 5 4 9 0 C F.N J 
U N-NORMALIZED UN 
I 0 A R I A T E INTE G R 
AL/ FkOM, LSL(n) 5 5 0 0 C 
TO USL ( N) , T I M E S ' T HE L U M P E D <1 U L T I P L I E R 5 5 1 0 C D E T ( 5 S I N V ) / ( 2 * H I ) * * ( N / 2 ) 5 5 2 0 C 5 5 30 F U N C T I O N F M U ( Z / F , G , •J / D) 5 5 4 0 0 I M E N S I 0 N V E C M N ( 1 2 ) 5 5 5 0 
A I MENS ION Z (10) / D ( 
J / N ) , X ( 1 0 ) 5 5 60 C 0 M  UN/3L <2/CON S T / R T A N  5 5 7 0 C 0 MM 0 N / 3 L K 3 / < N T 1 5 5 3 0 
C O M M O N / 3 L.< 5 / V ECMN 5 5 9 0 E X T E R N A L F , G 5600 
C 0 M 0 N / d L K 7 / XSAV E/K C T R S T 5610 
KNT1 = KNT1 +1 5 620 
N1 = N-1 5630 N 2 = N - 2 5640 
I F ( K F I k S T ) 4/20/'+ 5650 
I 
SU.MJL", = 0. 5660 SUMC1 = 0. 5 670 
S U M C 2 = 0 . 5680 
DO 5 I = 1/N1 5690 X ( I) = I C I) - V E CMN ( I ) 5 7 0 0 SUMO = SUMO + X ( I ) * 3( 
I / N ) 5710 5 
SUMC1 = S JMC 1 + X ( I ) * X C I ) * 0 ( I / I ) 5 7 2 0 
I F (NO) 6 / 1 0, o 5730 6 DO 5 I = 1 /N 2 5 74 0 
I 3 1 = I + 1 5 7 5 0 
DO 3 J = IP1 / N 1 
5 76 0 SJMC2 = SJMC2 + X (I ) * X ( J ) * D ( I / J) 5 7 7 0 
GO TO 12 5 730 1 0 SUMC2 = 0. 5790 1 2 E = S J M b 5 80 0 C = SUMC1 f 2 . * S U M C > 5 8 1 0 E = 3 / R T ̂  N s J 
5 3 2 0 XP - E X P ( 5 *(C-3*3 / D ( N , N ) ) ) / R T A N ̂  5 8 3 0 1 3 Y U = G ( N 1 / Z ) - V E C -1 N ( N ) 5 8 4 0 
YL = F (N 1 / Z ) - \/ EC .-! 1( N) 5 85 0 
F ,N U " X ? + ( C D F N ( Y J * k T A N N+ E ) - C D F N' ( Y _ * R T A N + E ) ) * C 0 N S T 5 8 6 N R E T U R N 5 8 7 0 20 X ( N 1 ) = Z ( N 1 ) - V E C -IN ( N1 ) 
5 8 8 0 D E L T A 1 = Z (i • 1 ) - X S A 4 5 8 9 0 
D E L T A 2 = Z (1 ) + X 3 \ \ J E - 2.+VECN N ( tN 1 ) 5900 
S U ''' 3 - 3 U M 3 + D ( N 1 / N ) * D E L T A 1 5 9 1 0 
S U M C 1 = S U M C 1 + D ( :N 1 / N1 ) * (  E L T A 1 * D E L T A 2 ) 
5 9 2 0 IF(N2) 2o/10/26 5 9 30 2o SUMC3 = 0. 5 9 4 0 
DO 2 7 I = 1 /N 2 
100 
A p p e n d i x 7 . 
5 9 5 0 3 U V C 3 = S U C 3 + D ( 
5 9 6 0 2 7 C O M T I N O £ 
5 9 7 0 S J M C 2 = S U M C 2 + S U 
5 9 S 0 G O T O 1 2 
5 9 9 0 E N D 
6 0 0 0 C ' ' 
6 0 1 0 C 
I D Q U A D M U L I I - D I I-I I O N 
6 0 2 0 S U B R O U T I N E M D N U A D ( 
6 0 3 0 N I F L A O ) 
6 0 4 0 C * * kkk-Kk-nkkkkkk * * * * * * 
6 0 5 0 C * 
6 0 6 0 C * 
6 0 7 0 C k 
6 0 3 Q C k U N I V / E R 5 I T V O F 
6 0 9 0 C 
6 1 0 0 C 
k 
k 
6 1 1 0 C k 0 L T I D I M 6 1 2 0 C k 
6 1 3 0 C k 
6 1 A 0 C k * k * k k k * k k k k k k k k k *c f k * * 
6 1 5 0 D I M E N S I O N S ( A S ) 
6 1 6 0 C k k -<• * * * * * * * A S S I G N H 0 R < 
6 1 7 0 N T - N S / 5 
6 1 3 0 N C - ! A T / N 
6 1 9 0 C k k k * + * kkkk T - S T P A K H £ 
6 2 0 0 I F L A G = 0 
6 2 1 0 I F ( N . L E , 1 0 . A . . I ) • N 
6 2 2 0 I F L A G = 4 
6 2 3 0 W R I T E ( 6 , 1 C 1 ) 
6 2 4 0 1 0 I F ( 3 . G T . A ) G O T 0 
6 2 5 0 I F L A G = 4 
6 2 6 0 A R I T E ( 6 / 1 0 2 ) 
6 2 7 0 2 0 I F ( £ P 3 . G T . j ) G 0 T 
6 2 3 0 I F L A G = 4 
6 2 9 0 W R I " £ ( 6 / 1 O 3 ) 
6 3 0 0 I F ( A S E C . G £ • - * 'O 0 
6 3 1 0 I F L A G = 4 
6 3 2 0 W R I T £ ( 6 / 1 0 4 ) 
6 3 3 0 4 0 I F ( N C . G E . 1 ) G O T O 
6 3 4 0 I F L A C = 4 
6 3 5 0 A R I T E ( 6 , 1 0 5 ) 
6 3 6 0 5 ^ I F ( I F L A G . G T . 0 ) R E 
6 3 7 0 C A L L N 0 R K ( U / F / G / •N / 
6 3 8 0 S ( N T + 1 ) / S ( 2 * N T 
6 3 9 0 1 0 1 F 0 R M A T ( 6 H 0 * * * * 
I 
6 4 0 0 1 0 ? F O R . M A T ( 6 H O * * k k 
6 4 1 0 
1 
I F 0 k M A T ( 6 H 6 * 
* k k • 
6 4 2 0 1 0 4 F O R M A T ( 6 H P * k k-k k 
I 
6 4 3 0 1 0 5 F 0 R M A T ( 6 M 0 * k k k k 
I 
6 4 4 0 R E T U R N 
6 4 5 0 E N D 
6 4 6 0 C W 0 R ;< M A I N P R 0 C E S S I N G 
6 4 7 0 S U 3 R 0 U T I A H N 0 R < 
/ 
*. U / 
6 4 8 0 M S E C / I F 
I 
U A G 
6 4 9 0 C k * -« * * * * * V A R I A R; L E A 
6 5 P C D I M £ N S I 0 IN A ( N / IN \~ 
i f 
6 5 1 0 F 3 ( N / ; < C ) 
6 5 2 0 C k k k k V * NR * * k F I X E D * G R \ S 
6 5 3 0 D I M E N S I O N V ( 1 3 ) * H ( 
6 5 4 0 it J U M 1 ( 1 3 ) 
6 5 5 0 •jt 
" ."3 
S ( 1 ^ ) / 
6 5 6 0 .< 
6 5 7 0 E Q U I V A L E N C E ( F A ( 1 ) 
6 5 3 0 R E A L I / L E N G T H / I 1 / I 
6 5 9 0 C 0 M M 0 N / 3 L K 7 / X S A \/ E / 
6 6 0 0 E X T E R N A L F , G / U 
( C o n t i n u e d ) 
5 0 
T J R 
* I 
- 4 
D / A / b / E P S 7 / N 3 E C / I F L A G , N C / + 1 ) / 3 ( 3 * N T + 1 ) / S ( 4 * N T + 1 ) ) 
N . G T 0 R N . L T . 1 ' ) 
3 . . » ) 
- a C . L E . 0 ' ) 
N S E C . L T . 0 1 ) 
I N S J F F I C I 
E N T v o R < S P A C E
 1 ) 
3 U a R O U T I N E F O R 
F / G / N / D / A E P / 3 E P / E P S M A X / V A L 
/ N C / A / I / F 1 / F 2 / F 3 ) 
K 3 P A C P 
I ( N 
I 
C ) / F 1 ( N / \ | C ) / F 2 ( N / N C ) / 
1 5 ) / X ( 1 3 ) / N . < ( 1 3 ) / L E N G T H ( 1 3 ) / 
/ S U - 1 2 ( 1 3 ) / S U N 5 ( 1 3 ) / J T A 6 ( 1 3 ) , 
J ( 1 5 ) / M ( 1 3 ) / N 3 T A R T ( 1 3 ) / J E N D ( 1 3 ) / 
( 1 3 ) / P ( 1 3 ) / L L ( 1 3 ) / F A ( 1 3 ) / F 3 ( 1 3 ) 
/ S U ;-I 2 ( 1 ) ) / ( F 3 ( 1 ) / S U N 3 ( 1 ) ) 
2 
.< F I R 3 T 
N 1 / I ) * X ( I ) 
/ ; C 3 * D E L T A 1 
A L 0 U A D R A T U R £ 
N / D / A / d / F / / U / r_ 3 S / N 3 E C / S / N S / V / 




N I 5 C 0 N S I N C O N F U T I N G C E N T E R * 
* 
S I G N A L 0 J A v R A T U R E P R 0 G R A N * 
* 
k - x k k k k k k k k k k k k k k k k k k k k k K - K k k k k k f c k 
S P A C E 
T E R S 
. G £ . 1 ) G 0 T O 1 0 
2 0 
0 3 N 
T O 4 0 
1 0 1 
A p p e n d i x 7. (Continued) 
661 0 KFIRST = -1 
6 0 2 0 C -* * * 
* * * * * * * 1 0 I T I Vi I L E 6 6 3 0 * T I-ILST^URT I M G ( C ) 6 6 4 0 * T I'*' E N D = T I M L 3 T + N 3 E C 
66 50 :•• A :< ••; N T = 1 0 
6 6 6 0 * N C 0 U N T = 1 0 
6 6 7 0 E0 VN 1 5 = EP S A X/N * 1 5 . 
6 6 8 0 A ( 1 / 1 ) = A E P 
6 6 9 0 
6 7 0 0 
L E N 3 T H ( 1 ) = 3 E P - A E P 
L= 1 
6 7 1 0 GO TO 6 0 
6 7 2 0 C 
* * * 
******* ^ o D 0 .vN A L E V E L 
6 7 30 5 0 L = L +1 6 7 4 0 ''. F IRST - -1 
6 7 5 0 C C * * * * * * * * .< FIRST - -1 IE AN S AT L E AS T ? " L E M£ N T S IN 
6 7 6 0 C C * * * * * * * * A R R A Y X H A "j E SEEN CHANGE D 3 I NCE LAST 6 7 7 0 C C * * * * * * * * CALL TO F NU ( X / F / G ) 6 7 8 0 A ( L / 1 ) = F ( L - 1 / X ) 
6 7 90 L E N G T H ( L ) = G ( L - l / <) - A(L /1 ) 
6800 60 V ( L ) = 0 6 3 1 0 I F C L E N G T H ( L ) ) 6 2 / 2 0 0 0 , 65 6 3 2 0 62 I F ( I F L A 3 . E 0 . 0 . O R . I F L A G . £ i . 1 ) I F L A G = I F L A G + 2 
6 8 30 GO TO 2 J00 6 8 4 0 o 5 J T A 3 ( L ) = 1 
635 0 H ( L ) = . 5 * L E M G T H ( L ) 6 8 6 0 
E ? S ( L ) = E 0 7 M 1 5 6 8 7 0 L ! 1 = L - 1 
6880 I F (L/i1 . E G . 0 ) GO TO 7 5 6 3 9 0 DO 70 INDEX = 1 / L 1 
6900 70 E P S ( L ) = E P S ( L ) / L E N J T H ( i N D E X ) 69 10 75 X ( L ) = A ( L / 1 ) 
6920 < C D =-1 69 3 0 J ( L ) = 1 6 94 0 M ( L ) = r-l C 
6 9 5 0 "1 3 T A R T ( L ) = N C 
6 9 6 0 J E N D ( L ) = 0 
6 9 7 0 1 00 I F(L . NE . H) G 0 TO 3 0 
6 9 3 0 C 
6 9 9 0 C * * * * * * * * * * BEGIN - - TIME C H ECK SECTION 
7000* I F ( N 3 E C . E 0 . 0 )G 0 TO 2 
Pi P 
7 0 1 0 * N C 0 U N T = N C 0 0 N T - 1 
70 20 * I F C N C 0 U N T . iN E . 0 ) G 0 TO 200 
7030* T I M E = T I I-; L S T 
7 0 4 0 * T I M L S T = U R T I ;<l G ( 0 ) 7050* TIME=i"IMLST-T I ME 
7 01> 0 * 
I F ( TIME) 1 4 0 , 2 0 0 / 1 40 
7 0 7 0 * 
1 4 0 I F ( T I ••' L S T . G T .
 T I M E M D 
} GO TO 5 0 3 3 
7 0 8 0 * N C 0 U N T = ,M A X 0 C IN T C MA X C N T / T I M E + . 5 ) / I ) 7 0 9 0 C * * * * * * * * * * .= r j r> - - TIME C H £ C < SECTION 7 1 0 0 C 
7 1 1 0 C 2 00 7 ( L + 1 ) = F N U C X ) 7 1 2 0 7 6 0 X S A 7 E - X S A 7 E T 7 1 3 0 X 3 A V E T = X C L ) 
7 1 4 0 7 C L + 1 ) = FN U C X / F / G / . O 1 / D ) 
7 15 0 < F I R S T - 0 
7 1 6 0 N 3 0 = J T A j C L ) 
7 1 7 0 GO TO C 5 O 0 / 6 0 0 / 7 0 0 / 1 1 00 / 1 20 0 / 31 0 0 ) / N G 0 
7 1 8 0 500 F 1 ( L / 1 ; = V ( L + 1 ) 7 1 9 0 X ( L) - A ( L / 1 ) + H ( L ) 7 2 0 0 J T AG ( L ) = 2 
7 2 1 0 GO TO 10 0 
72 20 6 00 F 2 C L / 1 ) = 7 ( L + 1 ) 
7 2 3 0 X C L ) - A C L / 1 ) + LE N G T H ( L) 
72 4 0 J T A 3 C L ) = 3 
7 2 5 0 GO TO 10 0 
7 2 60 7~0 F 3 C L / 1 ) = 7 ( L + 1 ) 
102 
A p p e n d i x 7. (Continued) 
7 2 7 0 I ( L / 1 ) = L E N 3 T H ( L ) / 6 . * ( f 1 ( L / 1 ) + 4 . * F 2 ( L / 1 ) + F 3 ( L , 1 ) ) 
7280 GO TO 10 5 0 
7290C * * * * * * * * * * VAKIAGLE STEP 
7 3 0 0 1 0 p o E P S ( L ) = .5*EPS(L) 
7 310 H(L) = . 5 * H(L) 
7320 IF(h(L) . L E . " . 0 ) 3 0 TO 5010 
7 3 30 10 50 IF ( J (L) . E0.JEMC (L) )GO Tu 16 00 
7340 N N = J ( L ) 
7 3 5 0 X ( L ) = A ( L / N N) + . 5 * H ( L ) 
7 3 6 0 J T A E3 ( L ) = 4 
7370 GO TO 100 
73 80 1 1 00 FA (L)=V(L + 1 ) 
7390 NN =J ( L) 
7400 X ( L ) = A <L / NO ) + 1.5*H(L) 
7410 J T A d ( L ) = 5 
7420 GO TO 100 
74 30 1 2 00 FI(L)=V(L + 1 ) 
74 4 0 J 1 =J ( L) 
7 4 5 0 H0 6 = H ( L) I o . 
74 6 0 I 1 = H 0 6 * (F 1 ( L / J1 ) + 4.*FA(L> + FI (_ / J 1 ) ) 
7 4 70 I 2=H0 6» (F2(L / J1 ) + 4.*F3(L) + F3(_ , J 1 ) ) 
7 4 8 0 E R P. = I 1 + I 2 - I ( L / J 1 ) 
7490 I F ( A 3 S ( E <; R ) . L T . E P S ( L ) ) G 0 TO 1500 
7500 IF (:'•"> ( L) . E VI, J 1 )GO TO 3000 
7 5 10 M1 = v ( L ) 
7 5 20 ^2 = <UL) + K(l) 
7530 A ( L / N 1 ) = A ( L , J 1 ) 
7 5 4 0 A ( L / '-" 2 ) •= A ( L / j 1 ) + 3 ( L ) 
7 5 5 0 I ( L / 1 ) = I 1 
7 5 6 0 I ( L / 0 2 ) = I 2 
7 5 7 0 F 1 (L / M 1 ) - F 1 ( L , J 1 ) 
7 5 3 0 F 2 (L / ••! 1 ) = F A ( L) 
7 5 9 0 F 3 ( L / M1 ) = F 2 ( L / J 1 ) 
7 6 0 0 F 1 (L / 'i 2 ) = F 2 ( L / J 1 ) 
7610 F2 (Lri'12) = F3(L) 
76 2 0 F3 (L,Al) = F3 ( L,J 1 ) 
76 30 ' K D = ,-i2 f ,<(L) 
7640 J(L)=J(L) + <(L) 
7 6 5 0 GO TO 10 5 0 
7660 15 00 V(L) = E R R / 1 5 . + 11 + 12 + V(L) 
7 6 7 0 j ( L ) = J C L ) + ;< (L ) 
7 6 8 0 GO TO 105G 
7690 1 800 I F (A C L ) . EG . 'A S TA R T < L ) ) GO To 2000 
7700 IF << (0 )) 1 900 /1 900 / 1 950 
7710 19 00 K(L)=1 
7 7 2 0 J ( L ) = ( L ) + 1 
7 7 3 0 J E N D ( L ) = N C f 1 
7 7 4 0 0(I)= 1 
7750 M START(L)=1 
7 7 6 0 GO TO 1000 
777 0 19 50 K(L)=-1 
7 7SO j(L)-A(L) - 1 
7 7 90 JEMD(L)=0 
7300 s r A R T ( L ) =N c 
7 610 ;KLJ= C 
7320 GO TO 1 0 0 0 
7 8 3 0C *********** ij o jp A L E V E L 
784 0 20 00 G-I ~ 1 
78 5 0 I F (L.Ew.0)GO TO 2 1 OH 
7 36 0 , -i G 0 = J T A -i ( L ) 
7 870 GO TO ( 5" 0,6 ?n, 7-3, < 100,1200/31j0> /NGO 
7 88r> 21 Oo v A L• J E = V ( 1 ) 
7 390 RETURN 
7900c ********** j u i f o a -A ST^P 
79 1 0 30 n0 IF (I FLAS . EO . 0 .0«.' I F L A G . E - . 2 ) I F L. A G = I F L A G + 1 
7920 3025 S U M 1 ( L ) = Fl(L,Jl) t F 3 ( L / J 1 ) 
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A p p e n d i x 7 . ( C o n t i n u e d ) 
79 3 0 3 U f2 ( L ) = F A ( L ) + F 2 ( L / J 1 ) + F :0 C L ) 7 9 4 0C * * * 
SAVE h(L) 7 9 5 0 
F 1 ( L / J 1 ) = H ( L ) 7 9 6 0 H ( L ) = . 5 * M ( L ) 7 9 7 0 I F (N ( L ) . L E . 0 ) GO T 50 
1 o 7 98 0 <<(L)=4 7 9 9 0 P ( L ) = 11 Y 12 
80 PQ 70 7 P S U M 3 C L ) = 0 301 0 XCL)=A(L/J1) + 
• 5 * H ( L ) 3 0 2 0 L L ( L ) = 1 8 0 3 0 30 50 I F CLL C D . JT . '<< C D ) GO 
TO 3 50 8 0 4 0 
J T A 3 C L ) = o 8 0 5 0 GO TO 10 0 8 0 6 0 31 00 
S J Y 5 ( L ) = S 0 ;•! 3 ( L ) + V (L + 1 ) 3 0 7 0 
LL C D =LL ( L ) + 1 8 0 8 0 
X ( D = X ( L ) + ri ( L ) 3 0 9 0 
GO TO 3 0 5 C 8 1 0 0 3 5 r ' 0 I 2 =H ( L) / 6 . * ( 3Or. 1 C D + 2 . * S N M2 C D + 4 . SUM 3 C D ) 8 1 1 0 
ERR = 12 - P(L) 31 20 I F ( A 3 S ( S R K ) . L 7 
. E P 3 C L ) ) G 0 T 0 3-D 3 1 3 0 SUM2 C D =SUM2 ( D + S J M 3 C D 8 1 4 0 
<< C D -=2 *<K C L ) 3 1 5 0 
H ( L ) - . 5 * H ( D 8 1 6 0 
P C L) = I 2 3 1 7 0 GO TO 3 0 3 0 3 1 3 0 3 6 00 V ( D = E R R / 1 5 . + 12 + V C D 8 1 9 0 C * * * 
RESTORE H (D 8 20 0 N N = J ( L ) 8 2 10 H ( L ) = F 1 C L / N N ) 
82 20 
J C L ) = J C D K ( L) 8 2 3 0 GO TO 10 5 0 3 2 4 0 C • * * 
******* R R 0 R R r 
T U R N 
8 2 5 0 * ^ r, "i 0 N R I T £ ( J / 5 0 0 1 ) 3 2 6 0 * 5 00 
I F 0 0,1 AT ( o HC * *** * ' EST I M A T E D MDOJAD CO PUT AT I ON » 8 2 7 0 * 
•i ' TIME HAS ELA 
P S ED . ' )
8 2 3 0 * 
I F L A G - 4 3 2 9 0 * R E T U R N 3 3 0 0 5010 N< R I T E ( 6 / 5 0 1 1 ) 
3 3 1 0 5011 
FOR 1 A T ( o 0 * * * * * 1 _ 1 N F -G A T I 0 N STE P UNO £ R F L 0 N / 
t 
/ 3 3 2 0 N * P o s s: 3 L r c A U S E D 0 Y ILL-C ONDIT I 0 N I N j/ ' / 3 3 3 0 
4 ' PROG R A Mi-; I NG 
ERROR/ 0 R E P 3 TOO S .'1 ALL 1 
• 8 3 4 0 
I F L A G = ̂  83 50 R E TURN 3 3 6 0 
E N 0 8 3 7 0 C IN 7E RT INVENT POS D 
E F S Y M M A T R IX3 3 3 0 C 8 3 9 0 SUPROUTIOE I IV: R T C T T / N / < i< / K < < / N 5 I "J G / D c T ) 8 4 0 0 C R 
A L G 0 R I T H Mi 5 6 ( c A C M 4 C1 961 ) 322) F 0 R I N V E >R S E 0 F 341 0C C POS. DE F . S r E T R IC MAT R I A 3 T 0 R E D I N ONE -8 4 2 0 C c DIMENSIONAL A R R A Y •3 Y R 0 J P P £ R TR I A N G L E / 3 4 3 0 C c I N C L U D I N G D I A G 0 M A L EL EM ENT. 3 4 4 0C c MODIFIED TO AC C EPT I N PUT F ROM T ^ 0 - D I M ENS I 0 N AL 8 4 5 0 C ARRAY. THE D E T ^ M I N ANT RE T U R N E D I S T H AT 0 F TH E 3 4 6 0 C INPUT MATRIX P 
R I 0 R r 0 I N V E R 5 I 0 M 34 70 D I £ N S I 0 N T ( 5 5 ) 
/ T r C -J /:J ) / V C 1 0) 
34 8 0 E
 3 S = 10.'-10 
3 4 9 0 C c c 2-DIMENSICNAL S Y -1M E T R I C M A T R I X INTO 1 -D I M E N SIGNAL 8 5 0 0 C c c ARRAY/ 3Y R 0 s/ S OF UPPER T R I A NS L G 3 510 J J = 1 8 5 20 DO 5 I = 1 / N 
85 30 
DO 5 J = I/N 35 40 
T ( J J ) = T T ( I ,J ) 35 5 0 5 J J = J J + 1 8 5 6 0 
L I T = N * C N + 1 ) / 
7 
8 5 7 0 C IF T(:) IS MON 
: P 0 3 IT lit/ T I S 'vj OT PO I TI V E 
8 5 8 0 C DEFINITE. 
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A p p e n d i x 7 . ( C o n t i n u e d ) 
8 5 90 I F ( 1 . L T . K K ) GO To 11 
360 0 10 D E T = 1.0 
8610 1 1 DO 4 0 K ~ K K t < .< < 
86 2 0 I F ( T ( I ) . L E . E P S ) 30 T 0 5 0 
8630C T 1 F T ( 1 ) 13 ZERO OR N E b A T I V E: S I N G U L A R 
36^0 1 6 PIVOT = 1 . 0 / 1 ( 1 ) 
8650 D E T = t E T * T ( 1 ) 
8660 DO 18 I = 2 , ,\ 
8670 V ( I - 1 ) = T ( I ) 
868 0 N M = n - 1 
3690 L = n 
8700 J J = i 
3 710 M - \ 
3720 DO 3 0 I = i / \ n 
8730 T ( L ) = - V ( I ) * ° I V 0 T 
3 7 40 = T (L) 
3 7 5 0 I = L + \ - I 
3760 •> ^ '•J J 2 0 J = I / 0 N 
3770 I 0 D X 1 = J J + I" 
3780 T ( J J ) - T ( I 0 0X1 ) + V( J) 
3790 oo J J = J J + 1 
3800 M = :<1 - 1 
881 0 30 J J = J J + 1 
8 8 20 4 0 T ( L I M T ) = - D I V 0 T 
3 8 5 0 C A T THI3 POINT A E hAV E - ( T INVERSE) 
884 0 I \' G = 0 
3 8 5 0 C C C 1 -D I MENS IONAL UPPER TR I ANGLE (BY ROWS) T X NTO 
3360C C C 2-DIMENSIONAL 3 ih M E TR IC MATR IX ( 4 I TH SIGN 
8 8 7 0 C c c C H A N G E ) 
3830 J J 
3890 D 0 4 5 I = 1 , N 
3 90 0 DO 4 5 j = I / N 
3910 TT ( i / J ) = - T ( j j ) 
3920 T T ( J / I ) = T T ( I / J ) 
3930 4 5 j J = j J + 1 
8940 R E TURN 
3 9 5 0 50 NSING = < 
3960 R E T U R M 
3970 E N r> 
3 93 0 CUR II MG " P R 0 C TIME SUB ROUT I J E 
3 9 9 0 C 
9 0 0 0 F'J NC T ION U R T I M G ( J ) 
90 1 0 G 3 TO 1 
9020 E :J TRY U R T I M S ( J) 
9 03 0 1 U R T I M G = 0 . 
90 4 0 R E T U R "J 
9050 E N 
9060 C C D F J " UN I -V A R I A T E CUM DI ST FUNC NCR-1AL 
9070C 
9080 FU NCT ION CDF N ( X ) 
9090C 
9 1 0 0 C I 0 TEGRAL OF NORMAL 7A R I ATE/ FRO-! - I N F I N I T Y TO 
9 1 1 0 C 
912 0 D I PENSION A ( 6 ) / D ( 6 ) 
9130 DO UULE PRECISION C ( 6 / 1 0 J 
91 40 C 
9150 D / •> t A A/ . 6 2 5 , 1. 2 5 0 / 2 . 0 0 0 / 2 . 4 5 0 / 3 . 5 0 / 4 . o 2 / 
9 160 D A T A {) / . 3 0 0 / . 9 2 5 / i . o 2 5 / 2 . 2 2 5 / 2 . 9 5 / 4 . 1 5 / 
9 1 7 0 C 
918 0 ... D A TA C / d . 7 9 8 2 4 0 3 2 9 1 D - n L / -1 . 2 70 j» 7 5 3 5 9 8 D -0 5 , 
9190 6 . 79 - 4 52 5 ^ 9 7 0 - / - 8 . 8 5 0 0 3 14 29 70 
5 . 4 8 7 9 0 7 2 0 7 3 D 
- 0 5 / 
9 2 0 0 1 . 4 7 9 15541 52 D- 0 7 _ o 7 , 
9 ? 1 0 / 5 . 1 0 2 6 6 4 0 3 o 80 — I.' -< / - 1 . 4 6 2 2 6 4 9 7 4 4 D -0 3 , 
9 2 2 0 », - 5 . 4 3 8 9 o 6 3 / 3 2 D - o /, / J . 6 6 £ 3 J ( U ".• -> I D 4 / 
9 2 30 IV -6 . 1 9 6 50 1 3 1 2 5 0 -0 3 / - o . 3 6 5 6 1 2 5 3 3 7 D - 0 3 , 
9 24 0 - 6 . 0 1 6 " 8 o 2 3 79D- / 6 . 7 7 1 5 9 6 5 60 4D -p 6 / 
105 
A p p e n d i x 7 . ( C o n t i n u e d ) 
925 0 i -3 . Coo340 1 043 0-03/ -4 .50 1 5 531 0520-04, 9260 <i 2.226 O710O41j-04, o.o877769441D-0 7, 9270 I -2.2725 611373 a-": 2/ -2.0203 4 156010-03/ 9280 A 7.214 10629470-03/ -1.36723597250-03/ 9 290 i -4 . 4 3 9 0n1 89o6 0-04 , -6 . 403 4 65 3 796 0-0 7, 9 30 0 I 3.3555772127 0-0 2/ - 3 . 46o1 6 7 4 4o3D-02 , 9310 v -1 . 0D7703 944 0 0 - 03 , 5 . 542 2 1 3 5 91 60-03/ 9 32 0 D . 29 7 875 0 34 i o-04 , c . 2 4 7 1 7 3 2 4 7 a 0-0 7 / 9 33 0 i 7 . 2 7 0 33 1 1 3 2 5 i)-02/ 4 ,75424332J 70-0 2/ 9340 v -2.4 0 5R75 16 3 40-02, - 1 . J 22 1 1 2 9 2860-02, 935 0 0 — 5 . 5 3 i 263 0o2 0 — 04 , -4 . 2 1 05 004 094 0-37/ 9360 N -1 . 40v339 5 o 5 4 0- 0 1 / 5 . o 35 3 2 9 3 0 5 6 0-0 2 / 9370 * 5 . 74 2 031 5 31 90-02 , 1 . 1 853 1 9 5 8310-02/ 9380 i 3.12 0 537 8 1 21 J-04 / 2 .074 2 1 3 3 30 2 0 -0 7 / 93 9 0 .i - 1 . 5 4 6 191 2 9700-01 / -2.213361 5 1 3 o D ~ 0 1 / 9400 •; -6. 5̂  8 570 5 1 7-0 0-02/ -o.8864230̂ 780-03/ 9410 -N -2.765 7̂o2 552D-04, -7.68560402180-08/ 9420 0 3 . 1 5 6 504 5 4 50 0-01 / 2 .5 9 7 9 0 4 3 0 7 3 0 -M 1 , 94 30 0 4 . 0 2 3 61 2 9 4 7 9 0-02 , 3 . 9 93 3 3 3 5 7010-0 3, 9440 v 3. 37 5 1 41 3 4 37 0- 35 / 1 . o7220208220-u 6/ 9450 0 1 . 0 4 3 1 3 3 / 9 7 1 D - n 1 , 4 . 0 4 5 .} o 3 o 5 1 5 0 - 0 1 / 94 6 0 v 4. i 9 2 21 6 o o 5 9 0- 01 / 4 .? 91 / 4 1 6 72 5 0 -0 1 , 9470 , 4 . 999 34,5 9 34 9 0-01 / 4 .999 9 9 9 9 77 9 0-u 1 / 9 4 3 0 C 9490 v = X + 0 . 707 1 0o 701 1 900 9 500 3NY = 1. 9510 IF (Y) 2/1/3 9520 1 C0FN=.5 9 5 30 R £ 70 7 0 9 5 4 0 2 S G N Y = -1 . 9550 Y=-Y 9 5 6 0 3 DO 4 1=1,0 9570 IF ( Y - A ( I ) ) 5/5/4 9 5 8 0 4 CONTINUE 9 59 0 Z-.5 9600 GOTO 7 9610 5 Y=Y-D(I> 9 6 2 0 Z=C(I/1) 9630 DO 6 J = 2 / 1 P 9 6 4 0 6 Z = Z *Y*C(I / J) 9650 7 CoFô.b+SGNi*L 9 6 60 RETURN 9670 END 9630CFNF FNF AND F NG FOR INTEGRATION .I'UTS 9 6 9 0 C 9 7 0 0 FUNCTION FNF ( I /X ) 971 0 C 9 72 0 COMMON /LIMIT/ L 3 L ( 12 ) / USL(12) 9730 REAL LSL 9740C 975 0 F;JF = LSL(I+1) 9 7 60 RETURN 9 7 7 0 C 9 7 3 0 END 9790 • Function fngci/x; 9800 c 9810 COMMON /LIMIT/ L S L ( 1 2 ) / USL(12) 9320 REAL LS L 9830C 9 3 4 0 FNG=JSL(I+1) 9 3 50 RETURN 9360C 9 8 7 0 END 980CCDMVN CUM DI3T FUN C M U L T I - \l A R I A 7 E '-/ORMAL 9 8 9 0 C 9900 FUNCTION C 0 '< v N ( P / L S L / U S L / M U / S 3 I \i 7 , D E T / N 0 I yj , N S E C / 
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A p p e n d i x 7 . ( C o n t i n u e d ) 
9 9 1 0 I E P S ) 
9 9 2 0 C 
9 9 3 0 I N T E 5 E R P 
9 9 4 0 R E A L L S L A , L S L ( P ) / J S L C P ) , v.J (P) / S S I N 7 ( P , P ) 
9 9 5 0 E X T E R N A L F N F / F N G , r N U 
9 96 0 D I M E N S I O N W O R K ( 5 0 0 0 ) 
9 9 7 0 D A T A T l v O P I / o . 2 8 8 1 8 5 3 / , N S /DOOO/ 
9 9 8 0 C 
9 99 0 C O M M O N / L I M I T / L 3 L A ( 1 2 ) , U SLA(1 2 ) 
1 0 0 0 0 C CM M O.N / B L K 2 / C O N S T, RT ANN 
1 0 0 1 0 C O M M O N /b L K 8 / < N T 1 
1 0020 C O M M O N /B L K 4/ A , O 
1 0 0 30 C O M M O N /B L K 5/ V E C M N M 2 ) 
1 0 0 4 0; C 
1 00 5 C C T H I S i.GUTlNE R E P L A C E S T H E M A I N P R O G R A M F R O M N I H , 
1 0 0 6HC AND D R I V E S T H E M V N O R M A L C O M P J T A T ION R O U T I N E S . 
1 0 0 ? V C 
1 0 0 8 0 DO 1 I = 1 A P 
1 0 0 9 0 L S L A ( I ) = L S L ( I ) 
1 0 1 0 0 U S L A ( 1 ) = I 3 L ( I ) 
1 0 1 1 0 1 V E C M N ( I ) = M U ( I ) 
101 2 R C 
1 0 1 3 0 A = L S L ( 1 ) 
1 0 1 4 0 B U S L ( 1 ) 
1 0 1 5 0 * = P- 1 
1 0 1 6 0 F N - K 
1 0 1 7 0 C O N S T = S Q R T ( DEI ) / ( T v.! 0 P I * * ( F N * . 5 ) ) 
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